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ABSTRACT

This report presents a collection of computer—generated statistical distributions which are useful for performing

Monte Carlo ssimulations. The distributions are encapsulated into a C++ class, caled *“Random’, so that they can be

used with any C++ program. The class currently contains 27 continuous distributions, 9 discrete distributions,
data—dnven distributions, bivariate distributions, and number—theoretic distributions. The class is designed to be

flexible and extensible, and this is supported in two ways: (1) a function pointer is provided so that the

user—programmer can specify an arbitrary probability density function, and (2) new distributions can be easily added

by coding them directly into the class. The format of the report is designed to provide the practitioner of Monte

Carlo simulations with a handy reference for generating statistical distributions. However, to be self-contained,
various techniques for generating distributions are also discussed, as well as procedures for estimating distribution

parameters from data. Since most of these distributions rely upon a good underlying uniform distribution of random

numbers, several candidate generators are presented along with selection criteria and test results. Indeed, it is noted

that one of the more popular generators is probal@gused and under what conditions it should \azdsed.
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1. SUMMARY

This report presents a collection of various distributions of random numbers, suitable for performing Monte Carlo
simulations. They have been organized into a C++ class, called “Random; which is callable from any C++
program. Using the Random class is very simple. For example, the following is source code to print 1,000 nhormal
variates with a mean of zero andariance of one.

/I Sample program for using the Random class

#include <iostream.h>
#include "Random.h" ] include the definition of the Random class

void main( void )

Random rv; O declae arandom variate
for (inti=0; i< 1000; i++)
cout << rv.normal() O reference the normal distrision (with default paametes)
<< endl;

}

There are various aspects that the programmer will wish to know at this point, such as how the random number seed
is set and how to compile and link the sample program. These aspects are discussed later (see Appendix B). The
point to be emphasized here is that the Random classis very easy and straightforward to use. The classitself is quite
comprehense, currently containing 27 continuous distributions, 9 discrete distributions, distributions based on
empirical data, and bivariate distributions, as well as distributions based on number theory. Moreover, it alows the
user—programmer to specify an arbitrary function or procedure to use for generating distributions that are not already
in the collection.It is also shan that it is ery easy toxend the collection to include walistributions.

2. INTRODUCTION

This report deals with random number distributions, the foundation for performing Monte Carlo simulations.
Although Lord Kelvin may have been the first to use Monte Carlo methods in his 1901 study of the Boltzmann
equation in statistical mechanics, their widespread use dates back to the development of the atomic bomb in 1944.
Monte Carlo methods have been used extensvely in the field of nuclear physics for the study of neutron transport
and radiation shielding. They remain useful whenever the underlying physical law is either unknown or it is known
but one cannot obtain enough detailed information in order to apply it directly in a deterministic manner. In
particular the field of operations research has a long history of employing Monte Carlo simulations. There are
several reasons for using simulationsittthey basically &ll into three cafgories.

e To Supplement Theory
While the underlying process or physical law may be understood, an analytical solution—or even a solution by
numerical methods—may not be available. In addition, even in the cases where we possess a deterministic
solution, we may be unable to obtain the initial conditions or other information necessary to apply it.

e To Supplement Experiment
Experiments can be very costly or we may be unable to perform the measurements required for a particular
mathematical model.

e Computing Power has Increased while Cost has Decreased
In 1965, when writing an article for Electronics magazine, Gordon Moore formulated what has since been
named Moore's Law: the number of components that could be squeezed onto a silicon chip would double every
year Moore updated this prediction in 1975 from doubling every year to doubling every two years. These
obsenations proved remarkably accurate; the processing technology of 1996, for example, was some eight
million times more pwerful than that of 1966 [Helicon Publishing 1999].

In short, computer simulations are viable alternatives to both theory and experiment—and we have every reason to
believe they will continue to be so in the future. A reliable source of random numbers, and a means of transforming
them into prescribed distributions, is essential for the success of the simulation approach. This report describes
various ways to obtain distributions, how to estimate the distribution parameters, descriptions of the distributions,
choosing a good uniform random number generatar some illustrations of mothe distritutions may be used.



3. METHODS FOR GENERATING RANDOM NUMBER DISTRIBUTIONS

We wish to generate random numbers,” x, that belong to some domain, X O [ Xmin, Xmasl» iN Such a way that the fre-
gueng of occurrence, or probability density, will depend upon the value of x in a prescribed functional form f (x).
Here, we review several techniques for doing this. We should point out that all of these methods presume that we
have a supply of uniformly distributed random numbers in the half-closed unit inteval [0,1). These methods are
only concerned with transforming the uniform random variate on the unit interval into another functional form. The
subject of ha to generate the underlying uniform randoariates is discussed in Appendix A.

We begin with the inverse transformation technique, asit is probably the easiest to understand and is also the method
most commonly used. A word on notation: f(x) is used to denote the probability density and F(x) is used to denote
the cumulatre distribution function (see the Glossary for a more complete discussion).

3.1 Inverse Transf ormation

If we can invert the cumulative distribution function F(x), then it is a simple matter to generate the probability den-
sity function f (x). Thealgorithm for this technique is as fols.

(1) GenerateU ~U(0,1).
(2) Return X = F}(U).

It is not dificult to see ha this method wrks, with the aid of Figure 1.

f(x)

Figure 1. Inverse Transform Method.

We take uniformly distributed samples along the y axis between 0 and 1. We see that, where the distribution func-
tion F(x) isrelatively steep, there will result a high density of points along the x axis (giving alarger value of f(x)),
and, on the other hand, where F(x) has a relatively shallow slope, there will result in a corresponding lower density
of points along the axis (gving a smaller &lue of f (x)). More formally, if

* Of course, all such numbers generated according to precise and specific algorithms on a computer are not truly random at al but only
exhibit the appearance of randomness and are therefore best described as *‘pseudo-randorii. However, throughout this report, we use the
term ‘random numbet’as merely a shorthand to signify the more correct ternpstudo-random numhgr



x=Fy), )

X

whereF (x) isthe indefinite intgral F(x) = I f (t)dt of the desired density functioi(x), theny = F(x) and

dy

—Z = f(x). 2
ax - ™ 2
This technique can be illustrated with the Weibull distribution. In this case, we have F(x) = 1-e ™, So, if
U ~U(0,1) andU = F(X), then we find X = b[—In(l—U)]l’C.

The inverse transform method is a smple, efficient technique for obtaining the probability density, but it requires
that we be able to invert the distribution function. As thisis not aways feasible, we need to consider other tech-
nigues as well.

3.2 Composition

This technique is a simple extension of the inverse transformation technique. It applies to a situation where the
probability density function can be written as a linear combination of simpler composition functions and where each
of the composition functions has an indefinite integral that is invertible." Thus, we consider cases where the density
function f (x) can be gpressed as

f(x) = Zl pi fi(X), ©)
where
Zl pi=1 (4)

and each of thd; has an indefinite inggal, F;(x) with a knavn inverse. The algorithm is as follws.
(1) Selectindex i with probability p;.

(2) Independently generatéJ ~U (0, 1).

(3) Return X = F;1(U).

For example, consider the density function for the Laplace distribution (also called the double exponential distribu-
tion):

1 g Ix-alg
f(x)==— -
)= ™0 b 1 )
This can also be written as
1 1
F(0 =5 1)+ 5 fax), ®)
where
Dl _ O
hPOp o X<2 o0 x<a
fi(x) =0 and fy(x) = Dl : (7)
O 0 X>a gl g x—-ag
0 DbexpD b 0 X=>a
O O

Now each of these has an indefinite &, namely

* Since 1-U has precisely the same distribution as U, in practice, we use X =b(-In U)”C, which saves a subtraction and is therefore
slightly more eficient.

T The composition functions f; must be defined on digjoint intervals, so that if f;(x) >0, then f;(x) =0 for al x whenever j #i. That is,
there is no werlap between the composition functions.



O _ O
Bexpép(bag X <a E 0 x<a
Fi(x) =0 and Fy(x) =0 , (8)
O o X=a 0, _ .0 X-ad
0 Ij1 expD b O X=a
O O
that is irvertible. Since p; = p, = 1/2, we can selett; ~U (0, 1) and set
01 ifup=1/2
=0, . ! : 9)
2 ifUp< 1/2
Independentlywe selectU, ~ U (0, 1) and then, using theversion technique of section 3.1,
Oa+blnU, ifi=1
— 2 (10)

“Da-binu, ifi=2"

3.3 Convolution

If X andY are independent random variables from known density functions fy(x) and fy(y), then we can generate
new distributions by forming various algebraic combinations of X andY. Here, we show how this can be done via
summation, multiplication, and division. We only treat the case when the distributions are independent—in which
case, the joint probability density functionissimply f(x,y) = fx(x) fy(y). First consider summation. The cumula
tive distribution is gien by

Fxsy(U) = II f(x,y) dxdy (11)
xX+y=u
(o] D u—Xx D
= J' 0 J' f(x,y)dygdx. (12)
20 §=too O

The density is obtained by téfentiating with respect to, and this gves usthe cowolution formula for the sum

00

fyay(U) = J' f(x,u—-x)dx, (13)

where we used Leibniz's rule (see Glossary) to carry out the differentiation (first on x and then on y). Notice that, if
the random variables are nonnegative, then the lower limit of integration can be replaced with zero, since fy(x) =0
for all x <0, and the upper limit can be replaced withsince fy(u—x) =0for x > u.

Let us apply this formula to the sum ofatwniform random ariables on [01]. We have
fyay(U) = J’ f(x)f(u—x)dx. (14)

Sincef(x) =1when 0< x < 1, and is zero otherwise, weviea

u<l

) 15
l<u<?2 (15)

1 u
Cu
fyoy@=[ flu-x)dx= [ f(t)dt=Q
™ ! Il 02~

and we recognize this as a triangular distribution (see section 5.1.24). As another example, consider the sum of two
independentx@onential randomariables with locatiom = 0 and scaléb. The density function for the sum is

z z

fxv(2) = ! fx(x) fy(z—x) dx = J % g P % e &P gx = é ze?". (16)

Using mathematical induction, it is straightforward to generalize to the case of n independent exponential random
variates:



Xn—l —x/b

(n—=1)!bn
where we recognized this density as the gamma density for location parameter a = 0, scale parameter b, and shape
parametec = n (see section 5.1.11).

Thus, the convolution technique for summation applies to a situation where the probability distribution may be writ-
ten as a sum of other randomriates, each of which can be generated dire@ie algorithm is as follws.

(1) Generate X; ~ F/}(U) fori =1,2,---,n.

(2 Set X=X+ Xy +---+ X,

iy ax, (X) = = gamma(0, b, n), an

To pursue this a bit further, we can derive aresult that will be useful later. Consider then, the Erlang distribution; it
isaspecia case of the gamma distribution when the shape parameter ¢ is an integer From the aforementioned dis-
cussion, we see that this is the sune dfdependentx@onential randomariables (see section 5.1.8), so that

X=-bInX;—--=bInX; ==bIn(X; - Xo). (18)

This shaevs that if we hae c 1ID exponential ariates, then the Erlang diswiiibpn can be generated via

X =-bin[] X;. (19)
i=1

Random variates may be combined in ways other than summation. Consider the product of X andY. The cumula
tive distribution is

Fxy(u) = J.Jf(X, y) dx dy (20)
xy<u
® ] u/x 0
= J' 0 J' f(x, y)dygdx. (21)
~“00 Ly=-o0 O

Once agin, the density is obtained by féifentiating with respect ta:
2 1
fyy(U) = _J' f(x, u/x) " dx . (22)
Let us apply this to the product ofdwniform densities.We have
fyy(u) = I f(x) f(u/x) % dx. (23)

On the unit interal, f(x) iszero whenx > 1 and f (u/x) iszero whenx < u. Therefore,

1
fyy(U) = J' % dx=-Inu. (24)

This shows that the log distribution can be generated as the product of two 1D uniform variates (see section 5.1.13).
Finally, let's consider the ratio of tavvariates:

Fyix(u) = f(x,y) dxdy (25)
ih)
(o] D ux |:|
= J' 0 I f(x, y)dyndx. (26)
% §=te O

Differentiating this to get the density



[ee]

fyx(u) = J' f (X, ux) x| dx . (27)
As an eample, let us apply this to the ratio ofotwormal variates with mean 0 anéwance 1.We have
(o) 1 (o)
fyx(U) = .[ f(X) f(ux) x| dx = — Ie‘xz’ze'uzxz’2 x| dx , (28)
3 2 3
and we find that
17 e 1
f == (e xde= ——— . 29
vix(U) rr_!e X ax 1+ W) (29)

This is recognized as a Caydttistribution (see section 5.1.3).

3.4 Acceptance—Rejection

Whereas the previous techniques are direct methods, this is an indirect technique for generating the desired

distribution. It is a more general method, which can be used when more direct methods fail; however, it is generally
not as efficient as direct methods. Its basic virtue is that it will aways work—even for cases where there is no

explicit formula for the density function (as long as there is some way of evaluating the density at any point in its

domain). The technique is best understood geometrically. Consider an arbitrary probability density function, f(x),

shavn in Figure 2. The motivation behind this method is the simple observation that, if we have some way of

generating uniformly distributed points in two dimensions under the curve of f (x), then the frequency of occurrence
of the x values will have the desired distriltion.

f(x)

Figure 2. Probability Density Generated From Uniform Ar eal Density
A simple way to do this is as foll@s.

(1) Select X ~ U (Xmin» Xmax)-
(2) Independently selectY ~ U (Ymins Ymax)-
(3) Accept X if and only ifY < f(X).

This illustrates the idea, and it will work, but it is inefficient due to the fact that there may be many points that are
enclosed by the bounding rectangle that lie above the function. So this can be made more efficient by first finding a
function f that majorizes f(x), inthe sensethat f(x) = f(x) for all x in the domain, and, at the same time, the inte-
gral of f is invertible. Thus, let

X Xmax
F(x) = I f(x)dx and define Apay = I f(x) dx. (30)
Xmin Xmin

Then the more &tient algorithm is as follws.



(1) Select A~U(0, Apay)-
(2) Compute X = E(A).

(3) Independently selecty ~U (O, f(X)).
(4) Accept X if and only ifY < f(X).

The acceptance-rejection technique can be illustrated with the following example. Let f(x) = 10,296 x>(1 - x)”. It
would be very difficult to use the inverse transform method upon this function, since it would involve finding the
roots of a 13th degree polynomial. From calculus, we find that f(x) has a maximum value of 2.97187 at x = 5/12.
Therefore, the function f(x) =2.97187 majorizes f(x). So, with Ana=2.97187, F(x)=2.97187x, and
Ymax = 2. 97187, the algorithm is as folles.

(1) Select A~U(0,2.97187).

(2) Compute X = A/2.97187.

(3) Independently selecty ~ U (0, 2.97187).
(4) Accept X if and only ifY < f(X).

3.5 Sampling and Data—Driven T echniques

One very simple technique for generating distributions is to sample from a given set of data. The simplest technique
is to sample with replacement, which effectively treats the data points as independent. The generated distribution is
a synthetic data set in which some fraction of the origina data is duplicated. The bootstrap method (Diaconis and
Efron 1983) uses this technique to generate bounds on statistical measures for which analytical formulas are not
known. As such, it can be considered as a Monte Carlo simulation (see section 3.7) We can aso sample without
replacement, which effectively treats the data as dependent. A simple way of doing thisisto first perform arandom
shufle of the data and then to return the data in sequential order. Both of these sampling techniques are discussed in
section 5.3.3.

Sampling empirical data works well as far as it goes. It is simple and fast, but it is unable to go beyond the data
points to generate new points. A classic example that illustrates its limitation is the distribution of darts thrown at a
dart board. If abull’seyeisnot contained in the data, it will never be generated with sampling. The standard way to
handle thisisto first fit a known density function to the data and then draw samples from it. The question arises as
to whether it is possible to make use of the data directly without having to fit a distribution beforehand, and yet
return new values. Fortunatelythere is atechnique for doing this. It goes by the name of ** data-based simulation”
or, the name preferred here," stochastic interpolation.” Thisis amore sophisticated technique that will generate new
data points, which have the same statistical properties as the original data at aloca level, but without having to pay
the price of fitting a distribution beforehand. The underlying theory is discussed in (Taylor and Thompson 1986;
Thompson 1989; Bodt andylor 1982) and is presented in section 5.3.4.

3.6 Techniques Based on Number Theor y

Number theory has been used to generate random bits of 0 and 1 in a very efficient manner and aso to produce
guasi-random sequences. The latter are sequences of points that take on the appearance of randomness while, at the
same time, possessing other desirable properfige.techniques are included in this report.

1. Primitive Polynomials Modulo Wo
These are useful for generating random bits of 1's and 0's that cycle through all possible combinations (exclud-
ing all zeros) before repeatinghis is discussed in section 5.5.1.

2. Prime Number Theory
This has been exploited to produce sequences of quasi-random numbers that are self-avoiding. This is dis-
cussed in section 5.5.2.

3.7 Monte Carlo Sim ulation

Monte Carlo simulation is a very powerful technique that can be used when the underlying probability density is
unknown, or does not come from a known function, but we have a model or method that can be used to simulate the
desired distribution. Unlike the other techniques discussed so far, thereis not a direct implementation of this method
in section 5, due to its generality. Instead, we use this opportunity to illustrate this technique. For this purpose, we
use an gample that occurs in fragment penetration of platgetar



Consider a cube of side length a, material density p, and mass m = pa®. Its geometry is such that one, two, or, at
most, three sides will be visible from any direction. Imagine the cube situated at the origin of a cartesian coordinate
system with its face surface normals oriented along each of the coordinate axes. Then the presented area of the cube
can be parametrized by the polar argynd the azimuthal angle Defining a dimensionless shaetory by

A, = y(m/p)*?, (31)
whereA, is the presented area, we find that the dimensionless siwpei$
y(8, ) = sing cosg + sind sing + cosé. (32)

It is sufficient to let & O[O, 7/12) and ¢ O[O0, 77/2) in order for y to take on all possible values. Once we have this
parametrization, it is a simple matter to directly simulate the slaapar faccording to the folldng algorithm.

(1) Generate (6, ) ~ uniformSpherical (0, 77/2, 0, r/2).
(2) Returny =sindcosg+singdsing+ cosé.

Figure 3 shars a typical simulation of the probability densit{y).
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1.564 37
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Figure 3. Shape Factor Probability Density of a Randomly Oriented Cube via Monte Carlo Simulation.
Incidently, we find that

Output = y O[1,V3),
Mean = 3/2, and
Variance = 4/mr—5/4.



3.8 Correlated Biv ariate Distrib utions

If we need to generate bivariate distributions and the variates are independent, then we simply generate the distribu-
tion for each dimension separately. However, there may be known correlations between the variates. Here, we show
how to generate correlatedvariate distritutions.

To generate correlated random variates in two dimensions, the basic idea is that we first generate independent vari-
ates and then perform a rotation of the coordinate system to bring about the desired correlation, as shown in Figure
4.

Figure 4. Coordinate Rotation to Induce Correlations.

The transformation between theataoordinate systems is\gn by
X' =xcosd+ysingd and Yy =-Xxsingd+ycose . (33)
Setting the correlation cdefient p = cosé so that
X = px+1-p?y (34)
induces the desired correlatiofo check this,
corr(x, X') = pcorr(x, X) +/1— p2corr(x, y) = p (1) +/1 - p2(0) = p, (35)
since corrk, X) = 1 and corr, y) = 0.

Here are some special cases:

O, _ _ '
DH—O p=1 X' =X

0e=m2 p=0 X isindependentok . (36)
E@ZIT p=-1 X =-x

Thus, the algorithm for generating correlated randarrables &, x'), with correlation coditient p, is asfollows.

(1) Independently generateX andY (from the same distriliion).
(2) Set X' =pX+/1-p2Y.
(3) Returnthe correlated pairq, X').

3.9 Truncated Distrib utions

Consider a probability density function f (x) defined on some interval and suppose that we want to truncate the dis-
tribution to the subinteal [a, b]. Thiscan be accomplished by defining a truncated density:

o f(

Egm as<x<b

f(x) , (37)

0 0 otherwise
O



which has corresponding truncated disttibn

B 0 x<a

= _UF(X)-F(a)

F(x) = Bm asx<b . (38)
0 1 Xx>b

An algorithm for generating randoranates heing distritution functionF is as follavs.

(1) GenerateU ~U(0, 1).
(2) SetY=F(a)+[F(b)-F(a)]U.
(3) Return X = F7(Y).

This method works well with the inverse-transform method. However, if an explicit formula for the function F is
not available for forming the truncated distribution given in equation (38), or if we do not have an explicit formula
for F%, then aless efficient but nevertheless correct method of producing the truncated distribution is the following
algorithm.

(1) Generate acandidateX from the distrilution F.
(2) If a< X < Db, then accepK; otherwise, go back to step 1.

This algorithm essentially thnes avay variates that lie outside the domain of interest.

4, PARAMETER ESTIMATION

The distributions presented in section 5 have parameters that are either known or have to be estimated from data. In
the case of continuous distributions, these may include the location parameter, a; the scale parameter, b; and/or the
shape parameter, c. In some cases, we need to specify the range of the random variate, Xy, andXnyay. 10 the case of
the discrete distributions, we may need to specify the probability of occurrence, p, and the number of trids, n. Here,
we shev how these parameters may be estimated from data and presdathmiques for doing this.

4.1 Linear Regression (Least—Squares Estimate)

Sometimes, it is possible to linearize the cumulative distribution function by transformation and then to perform a
multiple regression to determine the values of the parameters. It can best be explained with an example. Consider
the Weibull distribution with locationa = 0:

F(x) =1 - exp[-(x/b)°] . (39)
We first sort the data; in accending order:
X1 S XS X3 < < Xy - (40)
The corresponding cumulative probability is F(x;) = F; =i/N. Rearranging eg. (39) so that the parameters appear
linearly, we have
InN[-In(1-F;)] =clnx —clinb. (42)

This shows that if we regress the left-hand side of this equation against the logarithms of the data, then we should
get astraight line.” The least-squares fit will give the parameter ¢ as the slope of the line and the quantity —cIn b as
the intercept, from which we easily determimandc.

4.2 Maximum Likelihood Estimation

In this method, we assume that the given data came from some underlying distribution that contains a parameter g
whose value is unknown. The probability of getting the observed data with the given distribution is the product of
the indvidual densities:

L(B) = f5(X0) f5(X2) -+ f5(Xn) - (42)
* We should note that linearizing the cumulétive distribution will aso transform the error term. Normally distributed errors will be trans-

formed into something other than a normal distribution. However, the error distribution is rarely known, and assuming it is Gaussian to
begin with is usually no more than an act atti. Seethe chapterModeling of Data” in Press et al. (1992) for a discussion of this point.
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The value of g that maximizes L(B) isthe best estimate in the sense of maximizing the probability. In practice, itis
easier to deal with the logarithm of the likelihood function (which has the same location as the likelihood function
itself).

As an éample, consider the lognormal distriion. The density function is

O

o 1 O (Inx - )20 >0
UV2rox g— 202 g
f,u,UZ(X) =0 (43)
0 0 otherwise
O
The log-likelihood function is
N N
InL(y, o) =In A|'|l f02(X) = .len f.02(X) (44)
1= 1=
and, in this case,
NO o Inx — )20
InL(g0?) = > dn(V2ro2x) + (”’;72”)5. (45)
=10 7° 0
This is a maximuum when both
InL 2 InL 2
LT g g AL (6)
and we find
1N 1N
HEN .zlm x, and o¢?= N Zl(ln X — u)?. (47)
1= 1=

Thus, maximum likelihood parameter estimation leads to a very simple procedure in this case. First, take the loga-
rithms of all the data pointsThen, 4 is the sample mean, and is the sampleariance.

5. PROBABILITY DISTRIB UTION FUNCTIONS

In this section, we present the random number distributions in a form intended to be most useful to the actual prac-
tioner of Monte Carlo simulationsThe distrilutions are diided into five subsections as folles.

Continuous Distributions

There are 27 continuous distributions. For the most part, they make use of three parameters. alocation parame-
ter, a; a scale parameter, b; and a shape parameter, c. There are afew exceptions to this notation. In the case of
the normal distribution, for instance, it is customary to use u for the location parameter and o for the scale
parameter In the case of the beta distribution, there are two shape parameters and these are denoted by v andw.
Also, in some cases, it is more convenient for the user to select the interval via X, and X,ax than the location
and scale. The location parameter merely shifts the position of the distribution on the x-axis without affecting
the shape, and the scale parameter merely compresses or expands the distribution, also without affecting the
shape. The shape parameter may have a small effect on the overall appearance, such as in the Weibull distribu-
tion, or it may hae a profound efect, as in the beta distrtibion.

Discrete Distributions
There are nine discrete distributions. For the most part, they make use of the probability of an event, p, and the
number of trialsn.

Empirical and Data-Driven Distributions
There are four empirical distritions.

Bivariate Distributions
There are fie bivariate distritutions.

Distributions Generated from Number Theory
There are tw numbertheoretic distribtions.

11



51

To aid in selecting an appropriate distribution, we have summarized some characteristics of the continuous distribu-

Continuous Distrib utions

tions in Table 1. The subsections that follodescribe each distnittion in more detail.

Table 1. Properties or Selecting the Apropriate Continuous Distribution

Distribution Name

Parametes

Symmetric About the Mode

Arcsin

Beta

Caucly (Lorentz)
Chi—Square

Cosine

Double Log

Erlang

Exponential
Extreme \Aue

F Ratio

Gamma

Laplace (Double Exponential)
Logarithmic
Logistic

Lognormal

Normal (Gaussian)
Parabolic

Pareto

Pearsors Type 5 (Iverted Gamma)
Pearsors Type 6
Power

Rayleigh

Studentst
Triangular

Uniform
User—Specified
Weibull

Xmmin @Nd Xmay

Xmin: Xmax: @nd shapes andw
location a and scaléd

shape v (degrees of freedom)
Xmmin @Nd Xmay

Xmmin @Nd Xmay

scale b and shape

location a and scaléd

location a and scaléd

shape v andw (degrees of freedom)
location a, scaleb, and shape
locationa and scalé

Xmmin @Nd Xmay

location a and scaléd

location a, scale i, and shaper
locationu and scaler

Xmmin @Nd Xmay

shape c

scaleb and shape

scaleb and shape andw
shape c

location a and scaléd

shapev (degrees of freedom)
Xmins Xmax @nd shape

Xmmin @Nd Xmay

Xmin» Xmax &N Ymin, Ymax

location a, scaleb, and shape

yes
only whenv andw are equal
yes
no
yes
yes
no
no
no
no
no
yes
no
yes
no
yes
yes
no
no
no
no
no
yes
only whenc = (Xmin + Xmax/2
yes
depends upon the function

no

12




5.1.1 Arcsine
g% 0<x<1
Density Function: f(x) = DUW_ X)
E 0 otherwise
52 0 x<0
Distribution Function: F(x) = 0 sinl(yx) 0<sx<1
21 x>1
Input: Xmin,» MiNimum value of random ariable; X4, Maximum \alue of randomariable
Output: X O Xmin» Xmax)
Mode: Xmin @Nd Xmax
Median: (Xmin * Xmax)/2
Mean: (Xmin + Xmax)/2
Variance: (Xmax = Xmin)>/8

Regression Equation:

Algorithm:

Source Code:

Notes:

Sinz(Fi 7712) = Xi/(xmax_ Xmin) - Xmin/(xmax_ Xmin)a
where thex; are arranged in ascending order=i/N,andi =1,2,---, N
(1) GenerateU ~U(0,1)
(2) Return X = Xmin + (Xmax = Xmin) SiN?(U 7/2)
double arcsine( double xMin, double xMax )
assert( xMin < xMax );
double g = sin( M_PI_2 * uniform( 0., 1.) );

return xMin + ( xMax - xMin ) * q * g;

This is a special case of thetadistribution (whenv = w = 1/2).

Examples of the probability density function and the cumulative distribution function are shown in Figures 5 and 6,

respectiely.
1]
3
25_] 0.75
2 0.5
1.5
0.25-
1
0
0.5 w w w w w w w w w w
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X

Figure5. Arcsine Density Function. Figure 6. Arcsine Distribution Function.
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5.1.2 Beta

Density Function:

Distribution Function:

Input:

Output:
Mode:
Mean:
Variance:
Algorithm:

Source Code:

Notes:

0 Xv—l(l _ X)W—l

O<sx<1
0 B(v,w
tg=n oW
E 0 otherwise

1
whereB(v, w) isthe beta function, defined 1B(v, w) Et[t"'l(l -t)"1dt

_ 0B, (v,w)/B(v,w) 0<x<1
- B 0 otherwise

F(x)

X

whereB, (v, w) isthe incomplete beta function, definedBy(v, w) = I[t"‘l(l —t)"Ldt

Xmin,» Minimum value of random ariable; X5, Maximum \alue of randomariable;
v andw, positive shape parameters
x O [Xminv Xmax)
(v—-1)/(v+w-2)forv>1landw > 1on the interal [0,1]
v/(v +w) on the intenal [0,1]
w/[(v + w)2(1 + v + w)] on the interal [0,1]
(1) Generatetwo IID gamma wariates,Y; ~ gamma(1, v) and Y, ~ gamma(1, w)
(2) Return X = Exmin + (Xmax_ Xmin) Yll(Yl + YZ) if vzaw
Dxmax - (Xmax - Xmin) YZ/(Yl + YZ) if v<w
double beta( double v, double w, double xMin, double xMax )

if (v <w) return xMax - ( xMax - xMin ) * beta(w, v );
double y1 =gamma( 0., 1., v );
double y2 = gamma( 0., 1., w);
} return xMin + ( xMax - xMin ) *y1/(yl +y2);
(1) X ~Betaf, w) if and only if 1- X ~ Betafwv, v).
(2) Whenv =w = 1/2, this reduces to tre¥csinedistribution.
(3) Whenv =w =1, this reduces to theniformdistribution.

Examples of probability density functions and cumulative distribution functions are shown in Figures 7 and 8,

respectiely.
3
v=15w=5 1+
5 0.75—
0.5
1
0.25-
0 0
N N N N N N N N N
0 0.25 0.75 1 0 0.25 0.5 0.75 1

Figure 7. Beta Density Functions.

Figure 8. Beta Distribution Functions.
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5.1.3 Cauchy (Lorentz)

Density Function:

Distribution Function:

Input:

Output:
Mode:
Median:
Mean:

Variance:

Regression Equation:

Algorithm:

Source Code:

Examples of probability density functions and cumulative distribution functions are shown in Figures 9 and 10,

1 0 —arfd
f(x)=—bg.+ép(b ED —00 < X<

™0 0

1 1 -a
F(x):—+—tan'1D( U o <x<w

2 Ub O
a, location parameter;
b, scale parameter is the half-width at half-maximum
X O (-00, 00)
a
a
a
Does not eist
tan[(F; - 1/2)] = x;/lb—a/b
(1) GenerateU ~U(-1/2,1/2)
(2) Return X =a+btan(nU)
double cauchy( double a, double b)

assert(b >0.);
return a + b * tan( M_PI * uniform( -0.5, 0.5));

respectiely.
1
0.6 f(x) a=0
0.75—
0.5
0.25—
0

Figure9. Cauchy Density Functions.
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0.75—

0.25—

5.1.4 Chi-Square

Density Function:

Distribution Function:

Input:
Output:
Mode:
Mean:
Variance:
Algorithm:

Source Code:

Notes:

vi2-1 —x/I2
E;/?(evlz) if x>0
f(x)=0
EO otherwise

wherel (2) isthe gamma function, defined dy(z) EY!'tZ‘le‘t dt

X
%F(x) = 2/2r1(v/2) !’ /22 dt if x>0
0o otherwise
u
Shape parameter > 1 isthe number of dgrees of freedom
x 0(0,00)
v-2forv=2
14
2v

ReturnX ~ gamma(0, 2, v/2)

double chiSquare( int df )

assert(df >=1);
return gamma( 0., 2., 0.5 * double( df ) );

(1) Thechi-square distrilstion withv degrees of freedom is equal to thengma
distribution with a scale parameter of 2 and a shape paramet&. of
(2) Let X; ~ N(0,1) be IID normal ariates foii = 1,---,v. ThenX?= 5 X?
i=1
is a y2 distribution withv degrees of freedom.

Examples of probability density functions and cumulative distribution functions are shown in Figures 11 and 12,

respectiely.
f(x) 1
0.75—
0.5
0.5
0.25—
0 0
{ { { { { { { { { { {
0 2 6 8 10 0 2 4 6 8 10
Figure11. Chi-Square Density Functions. Figure 12. Chi-Square Distrib ution Functions.
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5.1.5 Cosine

Density Function:

Distribution Function:

Input:

Output:
Mode:
Median:
Mean:

Variance:

Regression Equation;

Algorithm:

Source Code:

1 (X—a
gz—b COS T p [ Xmin S X< Xmay
f(x)=0
U 0 otherwise
O
O 0 X< Xmin

i1 x-a
F(x) = DE g.+S|nEp(b% Xmin € X £ Xmax
0c 0
a 1 X > Xmax
Xmin,» MiNimum value of random ariable; X4, Maximum \alue of random ariable;
location parametest = (Xmin + Xmax)/2; Scale parametdr= (Xmax — Xmin)/ 77
x 0 [Xmin: Xmax)
(Xmin + Xmax)/2
(Xmin + Xmax)/2
(Xmin + Xmax)/2
(Xmax - Xmin)z(”2 - 8)/4772
sin}(2F; - 1) = x;/b — a/b,
where thex; are arranged in ascending order=i/N,andi =1,2,---,N
(1) GenerateU ~U(-1,1)
(2) Return X = a+bsintu
double cosine( double xMin, double xMax )
assert( xMin < xMax );
double a = 0.5 * ( xMin + xMax ); /' location parameter

double b = ( xMax - xMin ) / M_PI; /I scale parameter
return a + b * asin( uniform( -1., 1. ) );

The probability density function and the cumulative distribution function are shown in Figures 13 and 14, respec-

tively.

15  f(x)

0.5+

0.75—

0.5

0.25—

Figure 13. Cosine Density Function.

0.75 1 0 0.25 0.5 0.75 1

Figure 14. Cosine Distrib ution Function.
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5.1.6 Double Log

0.1 ,,0x-alo
D2b O b O

Xmin SX< Xmax

Density Function: f(x) =
D 0 otherwise
O
ol _ox-add | ox-ald
o= - 1- Xmin < X< @
, 02 0 Dbtg
Distribution Function: F(x) = 1 D I - a2
O X—a|[] X =
M1 -In a < X £ Xmax
D2 02 05 'O0b o
Input: Xmin,» MiNimum value of random ariable; X, Maximum \alue of randomariable;
location parametest = (Xmin + Xmax)/2; Scale parametdr= (Xmax — Xmin)/2
Output: X O Xmin» Xmax)
Mode: a (Note that, strictly speakind,(a) does not rist sincexlimé1 f(X) = 00.)
Median: a
Mean: a
Variance: (Xmax — Xmin)>/36
Algorithm: Based on composition and smtution formula for the product of twuniform densities:

(1) Generatetwo IID uniform variatesU; ~U(0,1),i =1,2
(2) Generate aBernoulli variate,U ~ Bernoulli (0. 5)
(3) IfU =1, returnX = a+bU;U,; otherwise, returrX =a-hbU,U,

Source Code: double doubleLog( double xMin, double xMax )
assert( xMin < xMax );
double a = 0.5 * ( xMin + xMax );
double b = 0.5 * ( xMax - xMin );

/I location parameter
I/ scale parameter

if ( bernoulli( 0.5) ) return a + b * uniform() * uniform();
el se return a - b * uniform() * uniform();

}

The probability density function and the cumulative distribution function are shown in Figures 15 and 16, respec-
tively.

34 f(x) Xmin =0 1—- F(X
Xmax = 1
0.75-
2_|
0.5
1|
0.25-
Xmin =0
0— 0 Xmax =1
I I I I I I I I I I
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X

Figure 15. Double Log Density Function. Figure 16. Double Log Distrib ution Function.

18



5.1.7 Erlang

Density Function:

Distribution Function:

Input:
Output:
Mode:
Mean:
Variance:

Algorithm:

Source Code:

Notes:

0 (X/b)c—le—x/b

(%) :E b(c—-1)!

g 0
0

0q — gxb < (XI/b)'

F()=0 =
O 0
O

x=0

otherwise

x=0

otherwise

Scale parameteb > 0; shape parameter, a positive integer

x O]0, c0)
b(c-1)
bc

b’c

This algorithm is based on the eofution formula.
(1) Generatec IID uniform variateslJ; ~U(0, 1)

C

C

(2) Retun X =-b 3 InU; =-bIn[ U,

i=1

i=1

double erlang( double b, int c)
{

assert(b>0.&&c>=1);

double prod = 1.0;

for (inti=0;i<c;i++) prod *= uniform( 0., 1.);

return -b * log( prod );

}

The Erlang random variate is the sum of ¢ exponentially-distriloted random variates,
each with meah. It reduces to thexponential distribbition whenc = 1.

Examples of probability density functions and cumulative distribution functions are shown in Figures 17 and 18,

respectiely.

1 f(x) b=1 1
0.75— 0.75—
0.5 0.5
0.25- 0.25—
0 0

N N N N N N N

0 1 2 3 4 5 6

X X

Figure 17. Erlang Density Functions. Figure 18. Erlang Distrib ution Functions.
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5.1.8 Exponential

Density Function:

Distribution Function:

Input:
Output:
Mode:
Median:
Mean:

Variance:

Regression Equation:

Maximum Likelihood:

Algorithm:

Source Code:

E% g -ab v > g
f(x)=0

Uo otherwise

O

O1-g b x> g
F(x)=0O :

DO otherwise

Location parameten, any real number; scale parameber 0
x O[a, 00)

a

a+bln2

a+tb

b2

-In(1-F;) = x/b—alb,

where thex; are arranged in ascending order=i/N,andi =1,2,---

b = X, the mean alue of the randomariates

(1) GenerateU ~U(0,1)
(2) Return X =a-blnU
double exponential( double a, double b)

assert(b>0.);
return a - b * log( uniform( 0., 1.) );

N

Examples of probability density functions and cumulative distribution functions are shown in Figures 19 and 20,

respectiely.

2

1.5

0.75—

0.5—

0.25—

Figure 19. Exponential Density Functions.

20

Figure 20. Exponential Distrib ution Functions.




5.1.9 Extreme Value

Density Function:

Distribution Function:
Input:

Output:

Mode:

Median:

Mean:

Variance:

Regression Equation;

Algorithm:

Source Code:

Notes:

1
f(X) — B e(X—a)/b exp[_e(x—a)/b] —00 < X < 00

F(x) = 1-exp[-e* @] —00 < x < 00

Location parameten, any real number; scale parameber 0
X O (-00, 00)

a

a+binin2

a - by wherey = 0.57721 is Eulers constant

b27%/6

In[-In(1-F;)] = x;/b-a/b,

where thex; are arranged in ascending order=i/N,andi =1,2,---,N
(1) GenerateU ~U(0,1)

(2) Return X =a+bln(=InU)

double extremeValue( double a, double b))

assert(b>0.);
return a + b * log( -log( uniform(0.,1.)));

This is the distribution of the smallestextreme. The distribution of the largest
extreme may be obtained from this distribution by reversing the sign of X relative to
the location parametey; i.e.,, X 0 —(X — a).

Examples of probability density functions and cumulative distribution functions are shown in Figures 21 and 22,

respectiely.

08—+ f(x) a=0 1
0.6— 0.75—
0.4 0.5
0.2 0.25—
0 0

N N N N N N

-3 -2 -1 1 2 3

X
Figure 21. Extreme \alue Density Functions. Figure 22. Extreme \alue Distribution Functions.
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5.1.10 F Ratio

Density Function:

Distribution Function:

Input:
Output:

Mode:

Mean:

Variance:

Algorithm:

Source Code:

OTI(v+w)/2]  (viw)“2xv-2)2

x=0
Ur(vi2)r (wi2) (1 + xviw)viw)i2
F9 =0 (V2)r (wr2) ( )
g 0 otherwise

O
wherel (2) isthe gamma function, defined dy(z) EY!'tZ‘le‘t dt

No closed form, in general.

Shape parameters andw are positie integers (dgrees of freedom)
x O]0, o)

w(v-2)
v(w +2)
w/(w - 2) forw > 2

forv>2

2WA(v +w - 2)
v(w = 2)2(w —4)
(1) GenerateV ~ x%(v) andW ~ y%(w)

Viv
(2) Return X = Wi

double fRatio( int v, intw)

forw>4

assertf(v>=1&&w>=1);
return ( chiSquare(v)/v)/( chiSquare(w)/w);

Examples of the probability density function and the cumulative distribution function are shown in Figures 23 and

24, respectiely.
f(x) v=4 14 F(X
w=4
0.6—
0.75—
0.4
0.5
0.2 0.25
v=4
0 0 w=4
{ { { { { { { { { { { { { { { {
0 1 2 5 6 7 8 0 1 2 3 4 5 6 7 8
Figure 23. F-Ratio Density Function. Figure 24. F-Ratio Distrib ution Function.
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5.1.11 Gamma

) o o
Density Function: f(x)=0

Uo otherwise
O

wherel (2) isthe gamma function, defined dy(z) EY!'tZ‘le‘t dt

If nis an intger, I'(n) = (n—-1)!

Distribution Function: No closed form, in generaHowever, if ¢ is a positve integer, then
O -1
Uy _ gx-ab 51 x-ad X>a
kO b O
F()=0 k=0
Ho otherwise
O
0
Input: Location parameten; scale parametds > 0; shape parameter> 0
Output: x O[a, 00)
Ua+b(c-1) ifc=1
Mode: O ( ) I
G ifc<1
Mean: a+bc
Variance: b%c
Algorithm: There are three algorithms (Law and Kelton 1991), depending upon the value of the
shape parameter
Casel:c<1
Letg=1+cle.

(1) GenerateU; ~U(0,1) and setP = pU,.

If P> 1, gotostep 3; otherwise, go to step 2.
(2) SetY = PY¢ and generatd, ~ U(0, 1).

If U, < e, returnX = Y; otherwise, go back to step 1.
(3) SetY =-In[(B - P)/c] and generattJ, ~U (0, 1).

If U, <YL, returnX = Y; otherwise, go back to step 1.

Case2:c=1
ReturnX ~ exponential (a, b).

Case 3:c>1

Leta =1N2c-1,8=c-Iln4,q=c+1/a,8=4.5andd =1+Ina.
(1) Generatetwo IID uniform variates|J, ~U(0, 1) andU, ~U (0, 1).
(2) SetV =aln[U/(1-U,)], Y =ce’, Z=U2U,, andW = g+qV - Y.
(3) IfW+d-6Z =0, returnX =Y, otherwise, proceed to step 4.

(4 IfW=InZ,returnX =Y; otherwise, go back to step 1.
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Source Code: double gamma( double a, double b, double ¢)
{
assert(b>0.&&c>0.);

constdouble A=1./sqrt(2.*c-1.);
const double B =c - log( 4. );
constdouble Q=c+ 1./A;

const double T = 4.5;

const double D=1. +log( T);
constdouble C=1.+c/M_E;

if(c<1.){
while (true ) {
double p = C * uniform( 0., 1. );
if(p>1.){
doubley =-log((C-p)/c);
if (uniform( 0., 1.) <=pow(y,c-1.))returna+b*y;

else {
doubley = pow(p,1./c)
if (uniform( 0., 1.) <= exp( -y))returna+b*y;

}

}
else if (¢ ==1.0) return exponential( a, b );
else {
while ( true ) {
double pl = uniform( 0., 1.);
double p2 = uniform( 0., 1. );
doublev=A*log(pl/(1.-p1));
doubley =c*exp(Vv);
double z=pl* pl *p2;
doublew=B+Q*v-y
if(w+D-T*z>=0. ||W> log(z))returna+b*y;
}
}
}

Notes: (1) When c =1, the @mma distribtion becomes thexponentialdistribution.
(2) When cis an intger, the gamma distrilation becomes therlangdistribution.
(3) When c =v/2 andb = 2, the @mma distrilntion becomes thehi-square
distribution withv degrees of freedom.

Examples of probability density functions and cumulative distribution functions are shown in Figures 25 and 26,

respectiely.

1 1
0.75— 0.75—
0.5 0.5
0.25— 0.25—
0 0

N N N N N N N N N N N N N N N N

0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Figure 25. Gamma Density Functions. Figure 26. Gamma Distrib ution Functions.
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5.1.12 Laplace (Double Exponential)

Density Function:

Distribution Function:

Input:
Output:
Mode:
Median:
Mean:

Variance:

Regression Equation:

Algorithm:

Source Code:

1 _0Ix-ao
f = — -0 < X<
()= 2p&PF —p g "@SX<®
B % gx-a)b X< a
FO)=0% 1
J1--e®ab yx>a
O
Location parameten, any real number; scale parameber 0
X O (-00, 00)
a
a
a
2b?

Uin(2F;) = xi/b—a/b 0<F<1/2

o In[21-F)]=x/b-ab 12<F<1

where thex; are arranged in ascending order=i/N,andi =1,2,---,N
(1) Generatetwo IID random wariateslJ; ~U(0, 1) andU, ~U(0, 1)
a+bInU2 if Up=1/2

2) R X=
(2) Retum Sa-binU, if Uy <12

double laplace( double a, double b))
assert(b>0.);
/I composition method
if ( bernoulli( 0.5) ) return a + b * log( uniform( 0., 1.) );

el se return a - b * I 'og( uniform( 0., 1.));

}

Examples of probability density functions and cumulative distribution functions are shown in Figures 27 and 28,

respectiely.
1 f(x) a=0 14 F(®

0.75— 0.75—
0.5 0.5
0.25- 0.25-

0 0 a=0

N N N N N N N N N N

-3 -1.5 0 15 3 -3 -1.5 0 15 3

X X

Figure 27. Laplace Density Functions. Figure 28. Laplace Distrib ution Functions.
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5.1.13 Logarithmic

Density Function:

Distribution Function:

Input:

Output:
Mode:

Mean:

Variance:

Algorithm:

Source Code:

1 x-ag

E—BlnD b O Xmin < X £ Xmax
f(x)=0

g 0 otherwise

O

O 0 X< Xmin

Ox-—artd -a
F(X) = DEXTEQ-_ In g(b% Xmin S X < Xmax

a O

a 1 X > Xmax

Xmin,» Minimum value of random ariable;Xq,, Maximum \alue of randomariable;
location parametest = Xy,in; Scale parametdd = Xax = Xmin

x 0 [Xminv Xmax)

Xmin

Xmin T Z (Xmax_ Xmin)
7
144

Based on the caenlution formula for the product of mwuniform densities,
(1) Generatetwo IID uniform variatesU; ~U(0, 1) andU, ~U(0, 1)
(2) Return X =a+hbU U,

2
(Xmax - Xmin)

double logarithmic( double xMin, double xMax )
assert( xMin < xMax );

double a = xMin; I/l location parameter
double b = xMax - xMin; /I scale parameter
return a + b * uniform( 0., 1. ) * uniform( 0., 1. );

}

The probability density function and the cumulative distribution function are shown in Figures 29 and 30, respec-

tively.
54 f(x) Xmin =0 1
Xmax = 1
4 0.75—
3]
0.5
2|
1 0.25—
0 0
N N N N N N N N N N
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X
Figure 29. Logarithmic Density Function. Figure 30. Logarithmic Distrib ution Function.
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5.1.14 Logistic

Density Function:

Distribution Function:

Input:
Output:
Mode:
Median:

Mean:

Variance:

Regression Equation:

Algorithm:

Source Code:

1 e(><—a)/b
Fo) =+ Dreeanz <X<o00
1
F(X)= ————+ -—00<Xx<o00

1+ e (x-a)b
L ocation parameten, any real number; scale parameber 0

X O (-o0, 00)

a
a
a
f b?

3
-In(F*-1) = x/b-alb,
where thex; are arranged in ascending order=i/N,andi =1,2,---, N
(1) GenerateU ~U(0,1)

(2) Return X =a-binU™-1)
double logistic( double a, double b))

assert(b >0.);
return a - b *log( 1. / uniform(0.,1.) - 1.);

Examples of probability density functions and cumulative distribution functions are shown in Figures 31 and 32,

respectiely.

054 f(x) a=0 1]
0.4 0.75—

0.3
0.5

0.2
0.25—

0.1
0 0

Figure 31. Logistic Density Functions.

Figure 32. Logistic Distrib ution Functions.
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5.1.15 Lognormal

Density Function:

Distribution Function:

Input:

Output:

Mode:
Median:

Mean:
Variance:

Regression Equation:

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

20
E_ 1 O [In(x- az) N]Dx>a
f(x)=v2ro(x-a) g 20 0
0 otherwise
O
10 1]
B [11+efDHn(X 3 'u[D X>a
F(9 =020 V2o
0o otherwise
O

Location parameter a, any real number, merely shifts the origin; shape parameter
o > 0; scale parameteg is ary real number

x O[a, 00)

a+e

at+e

a+ eﬂ+02/2

(e - 1)

erfi(2F, - 1) = len(X' a) - \/‘2’ ,

where the<, are arranged in ascendlng order=i/N,andi =1,2,---,N

,u:— Zlnxi andaZ:— Z(Inxi - u)?
N =1 N =1

(1) GenerateV ~ N(y, 0?)
(2) Return X =a+e’

double lognormal( double a, double mu, double sigma)

return a + exp( normal( mu, sigma ) );

X ~ LN(y, 0?) if and only if In X ~ N(u, 0?). Note that z anda? are not the mean
and variance of the LN(y, o?) distribution. To generate a lognormal random variate

with givenz and 62, set i = In (2?27 + 62) and o? = In[( 2% + ) ).

Examples of probability density functions and cumulative distribution functions are shown in Figures 33 and 34,

respectiely.
0.9 f(x = a=0 14 F(X
(x) #29, (x)
0.75—
0.6
0.5
0.3
0.25-
0— 0— a=0
N N N N N N N N N N
0 1 2 3 4 0 1 2 3 4
X X

Figure 33. Lognormal Density Functions. Figure 34. Lognormal Distrib ution Functions.
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5.1.16 Normal (Gaussian)

Density Function:

Distribution Function:

Input:

Output:

Mode:

Median:

Mean:

Variance:

Regression Equation:

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

_ 1 O-(x - p)?0

f) = V2o expg 202 B
10 x - ury

F(x) = > EHervazo_
Location parametey, any real number; scale parameter 0
X O (~00, 00)
U
Y7
U
o2
erf(2F; - 1) = x\N20 - ulN 2o,
where thex; are arranged in ascending order=i/N,andi =1,2,---,N

1%xand2 l%(x )2
= — . g = — R
Y =i NS a
(1) Independently generaté); ~U(-1,1) andU, ~U(-1,1)

(2) SetU =UZ? +U2 (note that the square root is not necessary here)
(3) If U <1, returnX = y+ gU;V-2InU/U; otherwise, go back to step 1

double normal( double mu, double sigma)

assert( sigma > 0.);
double p, p1, p2;
do{

pl = uniform( -1., 1. );
p2 = uniform(-1., 1. );
p =pl* pl+ p2* p2
} while(p>=1.);
) return mu + sigma * p1 * sqrt(-2. *log(p)/p);

If X ~N(u,c?), then &p(X) ~ LN(u, o?), thelognormal distritution.

The probability density function and cumulative distribution function for the standard normal are shown in Figures

35 and 36, respewutly.

04—+ f(x) u= 14 F(X
o=1
0.3 0.75-
0.2 0.5
0.1 0.25—
u=0
0 0— o=1
N N N N N N N N N N N N N
-3 -2 -1 1 2 3 -3 -2 -1 0 1 2 3

Figure 35. Normal Density Function.

Figure 36. Normal Distrib ution Function.
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5.1.17 Parabolic

Density Function:

Distribution Function:

Input:

Output:

Mode:

Median:

Mean:
Variance:
Algorithm:
Source Code:

Notes:

(00= 2 B= (270 iy < X Ky
(a+2b-x)(x—a+h)?
4b3
Xmin,» Minimum value of random ariable;X,q,, Maximum \alue of random ariable;
location parametest = (Xmin + Xmax)/2; Scale parametdr= (Xpax — Xmin)/2

x 0 [Xminv Xmax)

(Xmin + Xmax)/2

(Xmin + Xmax)/2

(Xmin + Xmax)/2

(Xmax - Xmin)Z/20

Uses theacceptanceejectionmethod on the alve density functionf (x)

F(X) = Xmin < X = Xmax

/I function to call for the Monte Carlo sampling
double parabola( double x, double xMin, double xMax )

if (x < xMin || x > xMax ) return 0.0;
double a 0.5 * ( xMin + xMax );

double b 0.5 * (xMax - xMin );
doubleyMax=3./(4.*b);

/I location parameter
/I scale parameter

) return yMax * (1.-(x-a)*(x-a)/(b*bh));

/I function which generates parabolic distribution
double parabolic( double xMin, double xMax )

assert( xMin < xMax );

double a = 0.5* (xMin + xMax );
double yMax = parabola( a, xMin, xMax );

/I location parameter
/I max function range

return userSpecified( parabola, xMin, xMax, 0., yMax );

}
The parabolic distribution is a specia case of the betadistribution (when v =w = 2).

The probability density function and the cumulative distribution function are shown in Figures 37 and 38, respec-

Figure 37. Parabolic Density Function.

tively.
15  f(x) Xmin =0 14 F(X
Xmax: 1
0.75—
1]
0.5
0.5
0.25—
Xmin =0
0 0— Xmax=1
{ { { { { { { { { {
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X

Figure 38. Parabolic Distribution Function.
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5.1.18 Pareto

Ocx ! x=>1

Density Function: f(x) = otherwise
Distribution Function: F(x) = E(l) X ())(tielrwise
Input: Shape parametec > 0

Output: x O[1, 0)

Mode: 1

Median: 2l

Mean: c/llc-1)forc>1

Variance: [c/(c-2)] - [c/(c—1)]*forc>2
Regression Equation; -In(A-F;) =clnx

where thex; are arranged in ascending order=i/N,andi =1,2,---,N

-1
U

O

Algorithm: (1) GenerateU ~U(O, 1)
(2) Return X =U™¢

Maximum Likelihood: DN Z In

Source Code: double pareto( double ¢ )

assert(c>0.);
return pow( uniform( 0., 1.),-1./c);

Examples of probability density functions and cumulative distribution functions are shown in Figures 39 and 40,
respectiely.

2| 14 F(X c=2
1.5 0.75—
1] 0.5
0.5 0.25—
0 0+
{ { { { { { { {
1 2 3 4 1 2 3 4
X X
Figure 39. Pareto Density Functions. Figure 40. Pareto Distribution Functions.
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5.1.19 Pearson’'s Type 5 (Inverted Gamma)

Density Function:

Distribution Function:

Input:
Output:
Mode:
Mean:
Variance:

Algorithm:

Source Code:

Notes:

—(c+1)e—b/x

Ox .
—— if x>0
O ber(c
tg=n 0 ©
EO otherwise

(o]

wherel (2) isthe gamma function, defined 4dy(z) EY!'tZ'le"I dt

0l (c, b/x)

if x>0
U r(c
F=o '@
BO otherwise

(o]

wherel (a, z) isthe incomplete gmma function, defined by(a, 2) E‘l’ta“le‘t dt
z

Scale parameteb > 0; shape parameter> 0
x O[O0, )

b/(c+1)

b/(c-1)forc>1

b%/[(c - 1)%(c - 2)] forc > 2

(1) GenerateY ~ gamma(0, 1/b, c)

(2) Return X =1/Y

double pearson5( double b, double c)

assert(b>0.&&c>0.);
return 1./ gamma(0.,1./b, c);

X ~ PearsonTypeiy, ¢) if and only if /X ~gamma(0, /b, c). Thus, the Pearson
Type 5 distrilntion is sometimes called timverted gamma distriliion.

Examples of probability density functions and cumulative distribution functions are shown in Figures 41 and 42,

respectiely.
154 f(x) 1
0.75—
1
0.5
0.5
0.25—
0 0
{ { { { { { { { { { {
0 1 3 4 5 0 1 2 3 4 5
Figure4l. Pearson Type 5 Density Functions. Figure42. Pearson Type 5 Distribution Functions.
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1.5

5.1.20 Pearson’s Type 6

Density Function:

Distribution Function:

Input:
Output:

Mode:

Mean:

Variance:

Algorithm:

Source Code

Notes

Examples of probability density functions and cumulative distribution functions are shown in Figures 43 and 44,

v-1
EbB(v vé)[X/1b1 gy T X>0
f(x)=0 ’
EO otherwise

1
whereB(v, w) isthe Beta function, defined (v, w) EJtH(l -t)"1dt

O- 0o x O

0 ex+pn " X0

Uo otherwise

whereFg(x) isthe distrilution function of aB(v, w) random ariable
Scale parameteb > 0; shape parameters> 0 andw > 0

x O[O0, )

ob(v-1) . -
Ow+1D) ifv=>1

O

Uo otherwise
O

v forw>1
w-1

b2v(v +w — 1)
(W=13(w-2)
(1) GenerateY ~gamma(0, v, b) and Z ~ gamma (0, w, b)
(2) Return X =Y/Z

double pearson6( double b, double v, double w )

forw>2

assert(b>0.&&Vv>0.& & w>0.);
return gamma( 0., b, v) / gamma( 0., b, w);

X ~ PearsonType6(}, w) if and only if X/(1+ X) ~ B(v, w).

respectiely.
f(x) 14 F(X
v=2,w=4
0.75—
0.5+
0.25
0
{ { { { { { { { { { {
0 1 2 3 4 5 0 1 2 3 4

Figure 43. Pearson Type 6 Density Functions.
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5.1.21 Power

Density Function:

Distribution Function:

Input:
Output:

Mode:

Median:

Mean:

Variance:

Regression Equation;

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

Examples of probability density functions and cumulative distribution functions are shown in Figures 45 and 46,

respectiely.

f(x)= cx*! 0<x<1
F(x) = x°
Shape parametec > 0
x O[0,1)

0<x<1

EO ifc<1
D1 ifc>1
2—1/C

c
(c+1)

c

(c+1¥(c+2)
InF, =clnx;,

where thex; are arranged in ascending order=i/N, andi =1, 2,

-1
I O
== | .
s UL
(1) GenerateU ~U(0,1)
(2) Return X =U
double power( double c)
assert(c>0.);
return pow( uniform(0.,1.),1./c);

This reduces to the uniform distuitton whenc = 1.

N

f(x)

0.75—

0.5

0.25—

Figure 45. Power Density Functions.
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0.75—

0.5

0.25—

5.1.22 Rayleigh

Density Function:

Distribution Function:

Input:
Output:
Mode:
Median:
Mean:

Variance:

Regression Equation:

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

0o 2 -a Ox-arft
0 2 ox ﬁexp[fD( ﬁD s a
f(x):Dx—aD b O DD b DD
O 0 otherwise
O
a Omx-argd
Dl—exp[-rD( ﬁg X=a
F() =0 gt b Hg
O 0 otherwise
O
Location a, any real number; scalb > 0
x O[a, 00)
a+bi2
a+bvin2
a+bym/2
b?(1 - r/4)

V__-IWCI.__ FI) = Xi/b_ a/b,

where thex; are arranged in ascending order=i/N,andi =1,2,---

b= Di S X_ZD‘U2
NS 'O
(1) GenerateU ~U(0,1)
(2) Return X =a+bv=TnU
double rayleigh( double a, double b )

assert(b >0.);
return a + b * sqrt( -log( uniform( 0., 1.)));

N

Rayleighis a special case of tigeibull when the shape parameter 2.

Examples of the probability density function and the cumulative distribution function are shown in Figures 47 and

48, respectiely.
f(x) a=0 14 F(®
b=1

0.75—

0.5

0.25—
a=0
0— b=1
N N N N N N N N N N N N N N
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

X X

Figure 47. Rayleigh Density Function.
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5.1.23 Student'st

Density Function:

Distribution Function:

Input:
Output:
Mode:
Median:
Mean:
Variance:

Algorithm:

Source Code:

Notes:

X2 D_(V+l)/ 2

M(v +1)/2]
v

"= 2 ton)

—00 < X< 00
)

wherel (2) isthe gamma function, defined Hy(z) Et[tz'le't dt

No closed form, in general
Shape parametevr, a positive integer (humber of dgrees of freedom)
X O (-00, 00)
0
0
0
vi(v-2) forv >2
(1) GenerateY ~ N(0,1) andZ ~ x2(v)
(2) Return X =YNZIlv
double studentT( int df )
assert(df >=1);

return normal( 0., 1. ) / sqrt( chiSquare( df ) / df );

For v = 30, this distrilntion can be approximated with the umitrmal distribution.

Examples of the probability density function and the cumulative distribution function are shown in Figures 49 and
50, respectiely.

0.4 f(x) 1
0.3 0.75-
0.2 0.5
0.1 0.25-
0 0
T T T T T T T T T 1 T T T T T T T T T 1
5 4 3 2 -1 0 1 2 3 4 5 5 4 3 2 -1 0 1 2 3 4 5

Figure49. Student’st Density Functions. Figure50. Student’st Distrib ution Functions.
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5.1.24 Triangular

Density Function:

Distribution Function:

Input:

Output:
Mode:

Median:

Mean:
Variance:
Algorithm:

Source Code:

2 X = Xmi
E M0 Xmin S X< €
f(X) =0 Xmax ~ Xmin €~ Xmin
0 2 Xmax — X c<x<x
OXmax ~ Xmin Xmax—C T
2
O (X_Xmin) X < X<C
min = A =
F(X) - B(Xmax_ Xmin)(C - er12in) I
(Xmax_ X)

- cSX<X

U (Xmax - Xmin)(xmax - C) max

Xmin, Minimum value of random ariable; x4, Maximum \alue of random ariable;
¢, location of mode

x 0 [Xminv Xmax)

Cc

Exmin +V(Xmax_ Xmin)(c - Xmin)/2 if c= (Xmin + Xmax)/2
Dxmax_V(Xmax_ Xmin)(xmax_ C)/2 if c< (Xmin + Xmax)/2
(Xmin + Xmax+ C)/3

[3(Xmax - Xmin)2 + (Xmin + Xmax ~ 2C)2] 172

(1) GenerateU ~U(0,1)

(2) Return X = gxmin +V(Xmax_ Xmin)(C - Xmin)U ?f Us< (C - Xmin)/(xmax_ Xmin)
Dxmax - \/(Xmax - Xmin)(xmax - C)(l - U) if U> (C - Xmin)/(xmax - Xmin)

double triangular( double xMin, double xMax, double ¢ )

assert( xMin < xMax && xMin <= ¢ && ¢ <= xMax );
double p = uniform(0.,1.),q=1. - p;

if (p<=(c-xMin)/(xMax-xMin))

return xMin + sqrt( (xMax - xMin ) * (¢ - xMin) *p );
else

return xMax - sgrt( ( xMax - xMin ) * (xMax-c) *q);

Examples of probability density functions and cumulative distribution funtions are shown in Figures 51 and 52,

respectiely.
24 (¥ c=05 Xmin =0 14 F(x
c=0.25 Xmax = 1

Figure51. Triangular Density Functions.

0.5
Xmin = 0
0— Xmax = 1
{ { { { { { {
0.75 1 0 0.25 0.5 0.75 1

Figure52. Triangular Distrib ution Functions.
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5.1.25 Uniform

Density Function:

Distribution Function:

Input:
Output:
Mode:
Median:
Mean:
Variance:

Algorithm:

Source Code:

Notes:

Eﬁ Xmin < X < Xmax
f(x)=0 max min

O o otherwise

O

O 0 X < Xmin

O X = X
F(X) = Dfmm Xmin < X < Xmax

Dxmax Xmmin

O 1 Xmax < X

Xmin» MiNimum value of random ariable; X4, Maximum \alue of random ariable
x 0 [Xminv Xmax)

Does not uniquely ®ist

(Xmin + Xmax)/2

(Xmin + Xmax)/2

(Xmax - Xmin)z/]-2

(1) GenerateU ~U(0,1)
(2) Return X = Xpin + (Xmax = Xmin) U

double uniform( double xMin, double xMax )

assert( xMin < xMax );
return xMin + ( xMax - xMin ) * _u();

(1) Thesource code foru() referenced abe isgiven in section 6.
(2) The uniform distribution is the basis for most distributions in the Random class.
(3) Theuniform distritution is a special case of thetadistribution

(whenv =w =1).

The probability density function and the cumulative distribution function are shown in Figures 53 and 54, respec-

2 |

tively.
f(x) Xemin = 0 1
Xmax = 1
0.75—
0.5
0.25-
0
N N N N N N N N N N
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X

Figure53. Uniform Density Function.

Figure54. Uniform Distrib ution Function.
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5.1.26 User-Specified
Density Function: Userspecified, nonrgative function f (x)

Input: f (x), nonngative function;
Xmin @NdXmnax Minimum and maximumadue of domain;
Ymin @ndYmax Minimum and maximumalue of function

Output: X U [Xmins Xme)

Algorithm: (1) Generate A~U(0, Apa) andyY ~U(Vmin» Ymax)
where Anax = (Xmax = Xmin) (Ymax — Ymin) 1S the area of the rectangle that encloses
the function wer its specified doman and range
(2) Return X = Xmin + A/(Ymax— Ymin) if T(X) £Y; otherwise, go back to step 1

Source Code: double userSpecified( double( *usf )( double, // function
doubl e, /1 xMin
double ), /I xMax

double xMin, double xMax, /l domain
‘ double yMin, double yMax ) /I range

assert( xMin < xMax && yMin < yMax );
double x, y, areaMax = ( xMax - xMin ) * (yMax - yMin );

/I acceptance-rejection method

do {
X
y

} while (y > usf( x, xMin, xMax ) );
return x;
}

Notes: In order to qualify as a true probaility density function, the integral of f(x) over its
domain must equal 1, but that is not a requirement here. Aslong as f(x) is nonney-
ative over its specified domain, it is not necessary to normalize the function. Notice
also that an analytical formula is not necessary for this agorithm. Indeed, f(x)
could be an arbirarily complex computer program. Aslong asit returns areal value
in the range [ Ymin» Ymaxd it iS suitable as a generator of arandom number distribution.

uniform( 0.0, areaMax ) / ( yMax - yMin ) + xMin;
uniform( yMin, yMax );

Examples of a user-specified bimodal probability density and the corresponding distribution are shown in Figures 55
and 56, respectively. Note that it is not necessary to have knowledge of F(x), only f(x) and that the function f(x)
can be arbitarily comple

24 f(x 14 F(X
1.5 0.75—
1 0.5
0.5 0.25—
0 0
N N N N N N N N N N
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X
Figure55. User-Specified Density Function. Figure 56. User-Specified Distribution Function.
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5.1.27 Weibull

Density Function:

Distribution Function:

Input:
Output:

Mode:

Median:
Mean:

Variance:

Regression Equation:

Algorithm:

Source Code:

Notes:

X—a
(—)° T(5)rg x>a
f(x)—DX a b 'O
u 0

O

otherwise

Bl expD-(—)CD X>a

F(x) =
D 0
O

Location a, any real number; scale > 0; shapec >0

otherwise

x O[a, 00)

Oa+b(1-1/c) if c=1

B a if c<1
a+b(In2)e

a+bl[(c+1)c]

b*(F[(c +2)/c] - (F[(c+ 1)/c))?)

In[-In(A-F)] =cIn(x,—a)—clinb,
where thex; are arranged in ascending order=i/N,andi =1,2,---,N

(1) GenerateU ~U(0,1)
(2) Return X = a+b(-InU)¥e
double weibull( double a, double b, double ¢ )

assert(b>0.&&c>0.);
return a + b * pow( -log( uniform( 0., 1.)),1./c);

(1) When c = 1, this becomes thexponentialdistribution with scaleb.
(2) When c = 2for generab, it becomes th®ayleighdistribution.

Examples of probability density functions and cumulative distribution functions are shown in Figures 57 and 58,

respectiely.
1.254 f(x) a=0 14 F(X
b=1
17 0.75-
0.75-
0.5
0.5
0.25- 0.254
a=0
0— 0— b=1
N N N N N N N N N N
0 0.5 1 15 2 0 0.5 1 15 2

Figure 57. Weibull Density Functions. Figure58. Weibull Distrib ution Functions.
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5.2 Discrete Distrib utions
The discrete distritions malk use of one or more of the folldng parameters.
p - the probability of success in a single trial.
— the number of trials performed or number of samples selected.
— the number of successesnitrials or number of trials before first success.
— the number of elements in the sample (population).
the number of successes contained in the sample.
— the number of distinctvents.
— the success rate.

T 3 X Z2 =X 5
|

— smallest intger to consider
j — lamgest intger to consider

To aid in selecting an appropriate distribution, Table 2 summarizes some characteristics of the discrete distributions.
The subsections that follodescribe each distnittion in more detail.

Table 2. Parameters and Description br Selecting the Aopropriate Discrete Distribution

Distribution Name Parametes Output

Bernoulli p success (1) owrflure (0)

Binomial nandp number of successes£k < n)

Geometric p number of trials before first success(& < o)
Hypergeometric n, N, andK number of successes £k < min(n, K))

Multinomial n, m, py,---, Pm | NumMber of successes of easlre (1< k; < m)

Negative Binomial | p andK number of &ilures befor&k accumulated successes(® < oo0)
Pascal p andK number of trials befor& accumulated successes(k < o)
Poisson u number of successes £k < o)

Uniform Discrete | i andj integer selectedi < k < j)
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5.2.1 Bernoulli

A Bernoulli trial is the simulation of a probabilistic event with two possible outcomes: success (X = 1) or failure
(X = 0), where the probability of successon asingletrial is p. It formsthe basis for a number of other discrete dis-

tributions.

Density Function:

Distribution Function:

Input:
Output:

Mode:

Mean

Variance:

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

O1-p if O
f(k)=0O .
(k) OoP if 1
O1-p if O<sk<1
F(k)_gl it k=21
Probability of event, p, where 0< p<1
k 0{0,1}
Jo o if p<12
00,1 if 1/2
1 if p>12
0
p
p(1-p)

p = X, the mean alue of the IID Bernoulli ariates
(1) GenerateU ~U(0,1)

01 ifu<p
2) Return X = .
@ umn EO ifuz=p

bool bernoulli( double p )
assert(0.<=p && p<=1.);

return uniform( 0., 1.) < p;

(1) Noticethat if p is strictly zero, then the algorithm alsalways returnsx = 0,
and if p is strictly one, it akays returnsX =1, as it should.

(2) Thesum ofn IID Bernoulli variates generatesbénomial distribution.
Thus, the Bernoulli distriltion is a special case of the binomial disttibn
when the number of trials is one.

(3) Thenumber of &ilures before the first success in a sequence of Bernoulli trials
generates geometricdistribution.

(4) Thenumber of &ilures before the first successes in a sequence of Bernoulli
trials generates @egative binomiabistribution.

(5) Thenumber of Bernoulli trials required to produce the firsuccesses
generates Rascaldistribution.
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0.3+

0.2

0.1+

5.2.2 Binomial

The binomial distribution represents the probability of k successesin n independent Bernoulli trials, where the prob-
ability of success in a single trial 5

Density Function:

Distribution Function:

Input:
Output:
Mode:
Mean:
Variance:

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

ggﬁg&a—pw* Kk 0{0,1,---,n}
f(k)=0

Uo otherwise

O

0 & ) )

0 Dr]Dp'(l—p)”‘I 0O<ks<n
F(k)=Qi=oli U

0l k>n

. I

) . . .ng_ n!

where thebinomial co€ficient Oi O m

Probability of event, p, where 0< p < 0, and number of trialsy > 1
The number of success&s1{0,1,---,n}

Theintegerk that satisfiep(n+1)-1<k < p(n+1)

np

np(1 - p)

p = X/n, whereX is the mean of the randoranates

(1) Generate n 11D Bernoulli trials X; ~ Bernoulli(p), wherei =1,---,n
(2) Return X = Xy +---+ X,

int binomial( int n, double p )

assert(0.<=p&&p<=1.&&n>=1);
int sum = 0;
for (inti=0;i<n;i++) sum +=bernoulli( p );
return sum;
}

(1) Thebinomial reduces to thBernoulliwhenn = 1.

(2) Poisson (np) approximates binomigh, p) whenp < 1andn > 1.

(3) For large n, the binomial can be approximated by N(np, np), provided np>5
and 01 < p<0.9— and for all values ofp whennp > 25.

Examples of the probability density function and the cumulative distribution function are shown in Figures 59 and

60, respectiely.
1 F(K)
f (k) p=0.1
n =20 N

0.75—

0.5

0.25—
’7 p=0.1
Lo 0— n=20
1T 1T 1T 1T 1T T T T T 1T 1T 1T 1T 1T 1T T T T T 1T
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

Number of Successeés,

Figure59. Binomial Density Function.

Number of Successeés,

Figure 60. Binomial Distrib ution Function.

43



5.2.3 Geometric

The geometric distribution represents the probability of obtaining k failures before the first success in independent
Bernoulli trials, where the probability of successin asingletrial is p. Or, to state it in a dightly different way; it is
the probability of heing to performk trials befoe achieving a success (i.e., the success itself is not counted).

Density Function:

Distribution Function:

Input:
Output
Mode:
Mean:

Variance

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

p(l p* kO{0,1,--}

f(k) =
(k) = D 0 otherwise

1 1-p***t k=0

F(k) =
(k) = D 0 otherwise

Probability of event, p, where 0< p<1

Number of trials before a succe&s1{0,1,---}

0
(1-pJp
(1-p)/p?

p = 1/(1+ X), whereX is the mean alue of the 1ID geometricariates

(1) GenerateU ~U(0,1)
(2) Return X =int(InU/In(1-p))

int geometric( double p )

assert(0.<p&&p<1.);
return int( Iog(unlform(O 1.))/log(1.-p));

(1) Aword of caution: There are tw different definitions that are in common use
for the geometric distriltion. The other definition is the number difuresup
to and includinghe first success.

(2) The geometric distribtion is the discrete analog of thepenential distrilation.

(3) If Xq, Xy, --+is a sequence of independent Bernduljirandom \ariates and
X =min{i OX; =1} -1, thenX ~ geometric(p).

Examples of the probability density function and the cumulative distribution function are shown in Figures 61 and

62, respectiely.

0.5 f(k) p=1/2 1+ F(x)

0.4+ 0.75- jjrg

0.3+

0.5

0.2

0.1 0.25—

0 ‘ o 0 p=1/2
1T T T 1T T T T T T 1 1T T T 1T T T T T T 1
0O 1 2 3 4 5 6 7 8 9 10 0O 1 2 3 4 5 6 7 8 9 10

k

Figure 61. Geometric Density Function.

Figure 62. Geometric Distrib ution Function.
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5.2.4 Hypergeometric

The hypemeometric distribution represents the probability of k successes in n Bernoulli trials, drawn without
replacementfrom a population oN elements that containé successes.

KN -K [
. o _OkMn-k O ono_ n! . . : .
Density Function: f(k) = —Ng whereDk 0 K=K is the binomial coditient
On 0O
OKmMN-K O
. . Ok Mn-i O .
Distribution Function: F(k) = Bkn-i € , Where 0< k < min(K, n)
i=0 ON O
On O
Input: Number of trials, n; population sizeN; successes contained in the populatign,
Output: The number of success&s1{0,1,---min(K, n)}
Mean: np, wherep = K/N
. N-n
Variance: np(1 -
i p(1-p) N=1
Source Code: i{nt hypergeometric(int n, int N, int K )

assertf(0<=n&&n<=N);
assert(N>=1&&K>=0);

int count = 0;
for (inti=0;i<n;i++ N--){

double p = double( K) / double( N );
if (bernoulli( p) ) { count++; K--; }

return count;

}
Notes: hypergeometric (n, N, K) = binomial (n, K/N), providedn/N < 0.1

Examples of the probability density function and the cumulative distribution function are shown in Figures 63 and
64, respectiely.

f(x) n==6 1- F(X
0.4 N =10
K=4 1075
0.3
0.5
0.2
0.1 0.25— n=6
‘ I N =10
04 0 K=4
N N N N N N N N N N
0 1 2 3 4 0 1 2 3 4
k k
Figure 63. Hypergeometric Density Function. Figure 64. Hypergeometric Distribution Function.
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5.2.5 Multinomial

The multinomial distribution is a generalization of the binomial so that instead of two possible outcomes, success or
failure, there are now m digjoint events that can occur, with corresponding probability p;, wherei (01,2,---, m, and
wherep; + p, +---+ py, = 1. The density function represents the probability that event 1 occurs k; times,- - -, and
event moccursk,, times ink; + - - - + k, = n trials.
i i n! © o e P

Density Function: f(ky, ko, o+, Kp) = PAPARH] Pyt pPy% e P =l | K
Input: Number of trials,n > 1;

number of disjoint eents,m = 2;

probability of eachent, p;, with p; +---+ p, =1

Output: Number of times each of then events occursk; O{0, -- -, n},
wherei =1,---,m,andk; +---+k,=n

Algorithm: The multinomial distribition is obtained through simulation.
(1) GenerateU; ~U(0,1)fori=1,---,n
(2) For eacHJ;, locate probability subinteaV that contains it and increment counts

Source Code: void multinomial( int n, /] trials n
double p[], /I probability vector p,
int count[], /I success vector count,
int m) /'l number of disjoint events m
{

assert(m>=2);

double sum =0,

for (int bin = 0; bin < m; bin++) sum += p[ bin |;
assert(sum ==1.);

for (int bin = 0; bin < m; bin++ ) count[ bin] = 0;
/I generate n uniform variates in the interval [0,1)
for (inti=0;i<n;i++){
double lower = 0., upper = 0., u = _u();
for (int bin = 0; bin < m; bin++) {
/I locate subinterval, of length p[ bin ],
/I that contains the variate and
I/l increment corresponding counter
lower = upper;
upper += p[ bin J;
if (lower <= u && u < upper ) { count[ bin ]++; break; }
}

}
}

Notes: The multinomial distribbtion reduces to the binomial distnifion whenm = 2.
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5.2.6

Negative Binomial

The negative binomial distribution represents the probability of k failures before the sth success in a sequence of
independent Bernoulli trials, where the probability of success in a single tpial is

Density Function:

Distribution Function:

Input:
Output:

Mode:

Mean:
Variance:

Maximum Likelihood:

Algorithm:

0 (s+k-1)

p’(L-p* kO{0,1,--}

0 ki(s—1)!
fy=p <G

0 0 otherwise

0

0& (s+i-1) :

0> - T pk1-p) x=0
F(k):gzo il(s—1)!

0 0 otherwise

Probability of event, p, where 0< p < 1; number of successes 1
The number of &iluresk 0{0,1,---}

Uyandy+1 if yis an intger

gi nt(y)+1 otherwise

wherey = [s(1 - p) — 1]/p and int(y) isthe smallest infger< y
s(1-p)p

s(1- p)/p?

p = s/(s+ X), whereX is the meanalue of the I1ID ariates

This algorithm is based on the eofution formula.

(1) Generate s1ID geometric \ariates,X; ~ geometric (p)
(2) Return X = Xy +---+ Xg

Source Code: int negativeBinomial( int s, double p)

assert(s>=1);
int sum = 0;
for (inti=0;i<s;i++)sum += geometric(p);
return sum;
}

(1) If Xq,---, Xs are geometric (p) variates, then the sum is negativeBinomid (s, p).
(2) The negativeBinomial (1, p) reduces to geometri).

Examples of the probability density function and the cumulative distribution function are shown in Figures 65 and
66, respectiely.

Notes:

0.15+ f(k) p=1/2 14 F(k)
s=5
0.75-
0.1
0.5
0.05-
0.25-
p=1/2
0— 0— s=5
1T 1T 1T 1T T T T T T 1 1T 1T 1T 1T T T T T T 1
0O 1 2 3 4 5 6 7 8 9 10 0O 1 2 3 4 5 6 7 8 9 10
k k

Figure 65. Negative Binomial Density Function. Figure 66. Negative Binomial Distrib ution Function.
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0.2

0.1

5.2.7 Pascal

The Pascal distribution represents the probability of having to perform k trials in order to achieve s successes in a
sequence ofi independent Bernoulli trials, where the probability of success in a single tpial is

Density Function:

Distribution Function:

Input:
Output
Mode;
Mean
Variance

Maximum Likelihood:

Algorithm:

Source Code:

Notes:

. (k- 1) S k-s
h—ons—n PA=p7 kO{sss+1,}

fy=p KM= P

D 0 otherwise

a

L (k—1)! . .
F(k) = Blzl (i—-9)!(s— 1)1 p’(l-p)™ k=s

. 0 otherwise

a

Probability of event, p, where 0< p < 1; number of successesz 1

The number of trialk O0{s,s+1,---}

Theintegern that satisfies + np=s=1+(n-1)p

sp

s(1-p)/p?

p = s/n, wheren is the number of trials [unbiassed estimatesis 1)/(n — 1)]

This algorithm taks adantage of the logical relationship to theyateve binomial.
ReturnX = negativeBinomial (s, p) + s

int pascal( int s, double p)

return negativeBinomial(s, p, ) +s;

(1) The Pascal and binomial areverses of each other in that the binomial returns
the number of successes in aeginumber of trials, whereas thastal returns
the number of trials required for argh number of successes.

(2) Pascal (s, p) = negativeBinomial (s, p) + s.

(3) Pascal (p, 1) = geometric(p) + 1.

Examples of the probability density function and the cumulative distribution function are shown in Figures 67 and

68, respectiely.
f(x) p=1/2 14 F(X
s=3
0.75—
_ 0.5
0.25—
‘ p=1/2
| I I | 0 s=3
T T T T

T T 1T 1T T
3 456 7 89
k

Figure 67. Pascal Density Function.

T 1 17 1T 1T 17T 1T T 1T T T
10 11 12 13 14 15 3 45 6 7 8 9 1011121314 15
k

Figure 68. Pascal Distribution Function.
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5.2.8 Poisson

The Poisson distribution represents the probability of k successes when the probability of success in each trial is
small and the rate of occurrengg,s constant.

Density Function:

Distribution Function:

Input:
Output:

Mode:

Mean:
Variance:
Algorithm:

Source Code:

Notes:

Duk

O—e* k0O{01, -}
f(k)=p k! .

o O otherwise

a

0 k

Dzﬁ K20
F(k)=QOi i=o I!

0 0 otherwise

ad

Rate of occurrencey >0

The number of success&s1{0, 1, - -

Ou—-1andy if pis an intger
gi nt (u) otherwise

u

u

(1) Seta=€¥# b=1,and =

'}

(2) GenerateU;;; ~U(0,1) and replacd by bU, 4,
(3) If b< a, returnX =1i; otherwise, replacebyi + 1 and go back to step 2

int poisson( double mu )

assert(mu > 0.);

double b =1

inti;

for (i=

returni- 1;
}

0; b >=exp(-mu ); i++) b *= uniform( 0., 1. );

(1) ThePoisson distribtion is the limiting case of the binomial distrtton as
n- oo, p - 0andnp - w: binomial (n, p) = Poisson (x), whereu = np.

(2) For u > 9, Poisson (u) may be approximated witN (y, u), if we round to
the nearest inger and reject ryative values.

Examples of the probability density function and the cumulative distribution function are shown in Figures 69 and

70, respectiely.
0.3+ f(k u=2 1+ F(k)
0.75—
0.2
0.5
0.1
0.25—
0 b 0 u=2
1T T T 1 1T T T 1 1 N 1
0 1 2 3 4 6 7 8 9 10 0 1 9 10

X o1 —

Figure 69. Poisson Density Function.
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Figure 70. Poisson Distribution Function.




5.2.9 Uniform Discrete

The Uniform Discrete distribution represents the probability of selecting a particular item from a set of equally prob-
able items.

1 . .
B T a4 k D{lmini"'ilmax}
. I _ = lmax = Imin + 1
Density Function: f(k)=0
O 0 otherwise
0

Imin k< Imax

tpib it , O i max = imin + 1
Distribution Function: F(ky=pg ™ ™

B 1 K = i max

Input: Minimum nteger, i pin; maximum int@er, imayx
Output: K O{imin " imax
Mode: Does not uniquely ®gist, as all alues in the domain are equally probable

1. .
Mean: > (imin + imax)

. 1 . . 5

Variance: IR [(imax = Tmin + 1)° — 1]
Algorithm: (1) GenerateU ~U(0,1)

(2) Return X =imin +int ([imax = imin * 1]U)
Source Code: int uniformDiscrete( int i, int j )

assert(i<j);

returni+int( (j-i+1)*uniform(0., 1.));

Notes: (1) Thedistribution uniformDiscrete(Q) is the same as Bernoylli’2).
(2) Uniform Discrete distrilntion is the discrete analog of the uniform disttibn.

Examples of the probability density function and the cumulative distribution function are shown in Figures 71 and
72, respectiely.

f(k) !min:_2 1 F(k)
|max:7
0.2— 0.8
0.6
0.1 0.4
0.2
0 0
N N N N N N N N N N N N N N N N N N N N
2 -1 0 1 2 3 4 5 6 7 2 -1 0 1 2 3 4 5 6 7
k k
Figure 71. Uniform Discrete Density Function. Figure 72. Uniform Discrete Distribution Function.
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5.3 Empirical and Data—Driven Distrib utions
The empirical and data-&en distributions malk use of one or more of the follang parameters.

X — data point in a continuous distution.

F — cumulative distribution function for a continuous disttition.

k — data pointin a discrete disttibon.

p — probability value at a discrete data point for a discrete digioh.
P — cumulative probability for a discrete distriltion.

To aid in selecting an appropriate distribution, Table 3 summarizes some characteristics of these distributions. The
subsections that fola describe each distriftion in more detail.

Table 3. Parameters and Description br Selecting the Aopropriate Empirical Distrib ution

Distribution Name Input Output
Empirical file of (x;, F;) data pairs interpolated data point
Empirical Discrete file of (k;, p;) data pairs selection of a data poikt
Sampling VWith and Wthout Replacement file of k; data selection of a data poink
Stochastic Interpolation file of 2-D data pointsx, y;) | new 2-D data point X, y)
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5.3.1 Empirical

Distribution Function: The distribution function is specified at a number of distinct data points and is lin-
early interpolated at other points:
=X
F(X) = F(xi) + [F(Xiva) = F(xi)] 'X for X < X < X1,
Xi+1 i
wherex;, i =0,1,---n are the data points, and F(x;) is the cumulative probability at
the pointx;.
Input: We assume that the empirical dataisin the form of ahistogram of n + 1 pairs of data
points along with the corresponding cumwlatirobability value:
Xo  F(Xo)
X1 F(xp)
Xa  F(x2)
X F(Xn),

whereF(Xg) =0, F(X,) =1, and F(X;) < F(X;+1). The data points are required be in
ascending ater but need not be equally spaced and the number of pairs is arbitrary
Output: X O[Xg, Xpn)
Algorithm: This algorithm verks by the imerse transform method.
(1) GenerateU ~U(0,1)

(2) Locateindex i such that(x;) <U < F(X;+1)
U - F(x)

(3) Return X = xj + ———————— (Xj+1 — X;)
F(Xiv1) = F(X)
Source Code: double empirical( void )
{
static vector< double > x, cdf;
static int n;
static bool init = false;
if (linit) {
ifstream in( "empiricalDistribution™ );
if (lin){
cerr << "Cannot open \"empiricalDistribution\" file" << endl;
exit(1);

double value, prob;

while (in >> value >> prob ) { I/l read in empirical data
x.push_back( value );
cdf.push_back( prob );

n = x.size();
init = true;

/I check that this is indeed a cumulative distribution

assert(0.==cdf[0] && cdf[n-1]==1.);
) for (inti=1;i<n;i++)assert(cdf[i-1]<cdf[i]);

double p = uniform( 0., 1.);
for(inti=0;i<n-1;i++)
if(cdf[i]<=p&&p<cdffi+1])
return X[ 1]+ (x[i+21]-x[i])*(p-cdffi])/
( cdffi+1]-cdf[i]);
return x[n-117;

Notes: (1) Thedata must reside in a file namatbiricalDistribution
(2) The number of data pairsin thefileisarbitrary (and is not arequired input as the
code dynamically allocates the memory required).
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5.3.2 Empirical Discrete

Density Function: Thisis specified by alist of data pairs, (k;, p;), where each pair consists of an integer
data pointk;, and the corresponding probabilitahae, p;.
]
Distribution Function: F(kj))= 2 pi =P
i=1
Input: Data pairs (ki, p;), wherei = 1,2,---, n. The data points must be in ascending order

by data point bt need not be equally spaced and the probabilities must sum to one:
n

ki <kjifandonlyifi<j and 3 p =1.
i=1

Output: X O{Kkq, ko, -+, Ky}
Algorithm: (1) GenerateU ~U(0,1)
-1 i
(2) Locateindex j suchthatd p,sU< Y p
i=1 i=1

(3) Return X =K;

Source Code: int empiricalDiscrete( void )
{
static vector< int > k;
static vector< double > f[ 2 ]; /I pdfisf{O]and cdfisf[ 1]
static double max;
static int n;
static bool init = false;
if (linit) {
ifstream in ( "empiricalDiscrete" );
if (lin){
cerr << "Cannot open \"empiricalDiscrete\" file" << end|;
exit(1);
int value;
double freq;
while (in >> value >> freq ) { I/l read in empirical data

k.push_back( value );
f[ 0 ].push_back( freq );

n = k.size();
init = true;

// form the cumulative distribution
f[ 1 ].push_back(f[0][0]);
for (inti=1;i<n;i++
fl 1 ].push_back(fl1][i-1]+f[O][i]);
/I check that the integer points are in ascending order
for(inti=1;i<n;i++)assert(k[i-1]<k[i]);

) max=f1][n-1];

/I select a uniform random number between 0 and the maximum value
double p = uniform( 0., max );

/l'locate and return the corresponding index
for(inti=0;i<n;i++)if(p<=f{1][i]) returnk[i];

returnk[n-117;

}

Notes: (1) Thedata must reside in a file namatbiricalDiscrete
(2) The number of data pairsin thefileisarbitrary (and is not arequired input as the
code dynamically allocates the memory required).
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As an eample, consider the follding hypothetical empirical data:
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f(k)=p

ensity function and cumuwlatdistribution function are shwn in Figures 73 and 74, respeely.

1
0.8
0.6
0.4—
0.2

04

Figure 73. Discrete Empirical Density Function.

F(ki) = P
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]
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Figure 74. Discrete Empirical Distribution Function.



5.3.3 Sampling With and Without Replacement

Suppose a population of size N containsK items having some attribute in common. We want to know the probabil -
ity of getting exactly k items with this attribute in a sample size of n, where 0 < k < n. Samplingwith replacement
effectively makes each sample independent and the probabilityés by the formula

mn OKK(N = K)™
kO N© ’

ong_ n!

Pl = kO~ Ki(n—K)!

where (48)

(See the binomial distribution in section 5.2.2.) Let the data be represented by { x4, ---, Xy}. Then an agorithm for
sampling with replacement is as falls.

(1) Generateindex | ~ UniformDiscrete(1, N).
(2) Return data elemen,.

And, in the case of samplivgthout replacementthe probability is gien by the formula

KmMN-K O
_UOkMn-k 0O ong_ n!
On O

(See the ypelgeometric distribition in section 5.2.4.An algorithm for this case is as fols.

(1) Perform arandom shufe of the data points¥, - - -, Xy}. (See section 3.4.2 of Knuth [1969].)
(2) Storethe shufled data in a @ctor
(3) Retrieve data by sequentially indéng the \ector

The following source code implements both methods—i.e., sampling with and without replacement.

double sample( bool replace = true ) /I Sample w or w/o replacement from a
/1 distribution of 1-D data in a file
static vector< double > v; /I vector for sampling with replacement
static bool init = false; /I flag that file has been read in
static int n; /l number of data elements in the file
static int index = 0; I subscript in the sequential order
if (linit) {
ifstream in( "sampleData" );
if (lin){
cerr << "Cannot open
exit(1);
}
double d;
while (in >>d ) v.push_back(d);
in.close();
n = v.size();
init = true;
if (replace == false ) { /I sample without replacement

/I shuffle contents of v once and for all
/I Ref: Knuth, D. E., The Art of Computer Programming, Vol. 2:
11 Sem nuneri cal Algorithms. London: Addison-Wesley, 1969.

for (inti=n-1;i>0;i-){
intj=int((i+1)*_u();
swap(Vv[i], v[j]);

}

}

/ return a random sample

if (replace) /I sample w/ replacement
return v[ uniformDiscrete(0,n- 1) ];

else { /I sample w/o replacement
assert(index <n); I/ retrieve elements
return v[ index++ J; /I in sequential order
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5.3.4 Stochastic Interpolation

Sampling (with or without replacement) can only return some combination of the original data points. Stochastic
interpolation is a more sophisticated technique that will generate new data points. It is designed to give the new data
the same local statistical properties as the original data and is based on Wiadgalgorithm.

(1) Translate and scale muitriate data so that each dimension has the same range:
x 0 (X - Xmin)/lxmax - Xminl-

(2) Randomly select (with replacement) one of the n data points along with its nearest m— 1 neighborsxq, - - -, X1
and compute the sample mean:

1 m
X=—= 2 X.
migl I
(3) Generate m1ID uniform variates

U

_ - — \O
Ao VEm= 1) 1+VSm-1)
0 m m 0
and set
X=x+ Z(Xi_X)Ui.
i=1

(4) Rescale X by (Xmax = Xmin) @nd shift toXn-
The following source code implements stochastic interpolation.
/I comparison functor for use in determining the neighborhood of a data point

struct dSquared : public binary_function< point, point, bool > {
bool operator()( point p, point q ) {
return p.x*p.x+p.y * p.y <gq.x*q.x+aq.y*q.y;

h
point stochasticlnterpolation( void )

/I Refs: Taylor, M. S. and J. R. Thompson, Computational Statistics & Data

/ Anal ysi s, Vol. 4, pp. 93-101, 1986; Thompson, J. R., Empirical Model
/ Bui | di ng, pp. 108-114, Wiley, 1989; Bodt, B. A. and M. S. Taylor,

/ A Data Based Random Number Generator for A Multivariate Distribution -
/ A User's Manual, ARBRL-TR-02439, BRL, APG, MD, Nov. 1982.

static vector< point > data;

static point min, max;
static int m;

static double lower, upper;
static bool init = false;

if (linit) {
ifstream in( "stochasticData" );
if (lin){
cerr << "Cannot open \"stochasticData\" input file" << endl;
exit(1);

/I read in the data and set min and max values

min.x = min.y = FLT_MAX;
max.x = max.y = FLT_MIN;
point p;

while (in>>p.x>>p.y){

min.x = (p.X < min.x ? p.x : Min.x );
min.y = (p.y <min.y ? p.y : min.y );
max.Xx = (p.Xx > max.x ? p.X : max.x);
max.y = (p.y > max.y ? p.y : max.y );
data.push_back( p);

in.close();
init = true;
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/I scale the data so that each dimension will have equal weight
for (inti=0;i< data.size(); i++) {
data[i].x = (data[ i ].x - min.x ) / ( max.x - min.x );
data[i].y = (data[i].y - min.,y )/ ( max.y - min.y );

/I set m, the number of points in a neighborhood of a given point

m = data.size() / 20; /I 5% of all the data points
if(m<5 ) m=5; /1 butno less than 5
if (m>20)m=20; /I and no more than 20

lower = (1. - sqrt( 3. * (double(m ) -1.)))/double( m);
) upper = (1. +sqrt( 3. * (double(m)-1.)))/double(m);

/I uniform random selection of a data point (with replacement)

point origin = data[ uniformInt( O, data.size() - 1) ];

/I make this point the origin of the coordinate system

for (int n = 0; n < data.size(); n++) data[ n ] -= origin;

/I sort the data with respect to its distance (squared) from this origin
sort( data.begin(), data.end(), dSquared() );

/I find the mean value of the data in the neighborhood about this point
point mean;

mean.x = mean.y =0.;

for (intn=0; n <m; n++ ) mean +=data[ n J;

mean /= double( m);

/I select a random linear combination of the points in this neighborhood

point p;
px=py=0;
for (intn=0;n<m;n++) {
double rn;
f(m==1)m=1;
el se rn = uniform( lower, upper);

p.x +=rn* (data[ n ].x - mean.x );
p.y +=rm*(data[ n].y - mean.y );

}

/I restore the data to its original form

for (int n = 0; n < data.size(); n++ ) data[ n ] += origin;

/I use the mean and the original point to translate the randomly-chosen point

p += mean;
p += origin;

/I scale the randomly-chosen point to the dimensions of the original data

p.X =p.X* (max.x - min.x ) + min.x;
p.y =p.y*(max.y - miny) + min.y;

return p;

}

Notes: (1) Noticethat with the particular range on the uniform disttibn in step 3 of the algorithm is
chosen to gie amean walue of 1mand a ariance of - 1)/m?.
(2) When m = 1, this reduces to the bootstrap method of sampling with replacement.
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5.4 Bivariate Distrib utions
The bivariate distritutions described in this section nealse of one or more of the folling parameters.
cartesianCoord — acCartesian pointx, y) in two dimensions.

sphericalCoord — the anglesq, ¢), whered is the polar angle as measured fromztexis, and
@is the azimuthal angle as measured counterclockwise fromales.

yol — correlation codfcient, where-1< p < 1.

To aid in selecting an appropriate distribution, Table 4 summarizes some characteristics of these distributions. The
subsections that fola describe each distriltion in more detail.

Table 4. Description and Output for Selecting the Aopropriate Bivariate Distrib ution

Distribution Name Description Output

bivariateNormal normal distribution in two dimensions cartesianCoord
bivariateUniform uniform distribution in two dimensions cartesianCoord
corrNormal normal distribution in two dimensions with correlation cartesianCoord
corrUniform uniform distributionin two dimensions with correlation cartesianCoord
spherical uniform distribution over the suréce of the unit sphere sphericalCoord
sphericalND uniform distribution over the suréice of theN-dimensional unit sphere (Xq,---, Xy)
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5.4.1 Bivariate Normal (Biv ariate Gaussian)

Density Function:

Input:

Output:
Mode:
Variance:

Algorithm:

Source Code:

Notes:

oxp X | (v ) D
2moyoy 0n 20% 205 M

f(xy) =
Location parametersyy, 4y), ary real numbers;
scale parametergy, gy), ary positive numbers
X O(-00,00) and y 0 (—o0, 00)

(kx, Hy)

2 2
(0% 0y)

(1) Independently generateX ~ N(0O, 1) andY ~ N(O, 1)

(2) Return (uy + oy X, puy +0oy,Y)

cartesianCoord bivariateNormal( double muX, double sigmaX,
double muY, double sigmay )

{
assert( sigmaX > 0. && sigmayY > 0.);

cartesianCoord p;

p.x = normal( muX, sigmaX);
p.y = normal( muY, sigmay );
return p;

}

The variables are assumed to be uncorrelated. For correlated variables, use the cor-

related normaldistribution.

Two examples of the distrildion of points obtained via calls to this function arevah Figures 75 and 76.
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Figure 75. bivariateNormal( 0., 1., 0., 1.).
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5.4.2 Bivariate Unif orm

Density Function:

Input:

Output:
Algorithm:

Source Code:

)2 RVRY
ol 0<(X Xo) +(Y Yo) <

<1

Omab ~ =~ a2
f(x,y)=0
E 0 otherwise

b2

[ Xmin: Xmax), bounds along-axis; [Ymin: Ymax), bounds along-axis;
Location parametersg, Yo), wherexg = (Xmin + Xmaxd/2 andyg = (Ymin + Ymad/2;
scale parameters,(b), wherea = (Xmax — Xmin)/2 andb = (Ymax — Ymin)/2 are desied

Point (x, y) inside the ellipse bounded by the rectanglg.l Xmaxd * [Ymin: Ymaxl

(1) Independently generateX ~U(-1,1) andY ~U(-1, 1)
(2) If X2+Y?> 1, goback to step 1; otherwise go to step 3
(3) Return (xg +aX, yg +bY)

cartesianCoord bivariateUniform( double xMin, double xMax,

{

double yMin, double yMax )

assert( xMin < xMax && yMin < yMax );

double x0 = 0.5 * ( xMin + xMax );
double y0 = 0.5 * ( yMin + yMax );
0.5 * (xMax - xMin );
0.5 * (yMax - yMin );

double a
double b
double x, y;

do {
X =

uniform( -1., 1.);

y = uniform(-1., 1.);
} while(x*x+y*y>1.);

cartesianCoord p;
p.x=x0+a*x;
py=y0+b*y;
return p;

}

Notes:

Another choice is to use a bounding rectangle instead of a bounding ellipse.

Two examples of the distriltion of points obtained via calls to this function arengh Figures 77 and 78.

1

0.5% . . :..'nﬁ-

-0.5 ) "'.,.: . ®

1000 Points

Figure 77. bivariateUniform( 0., 1., 0., 1.).

1

0.5+

-0.5

1000 Points

~
Y
P ..
N
oo 0%
ok
>

60

Figure 78. bivariateUniform( 0., 1., -1., 0.5).




5.4.3 Correlated Normal

Density Function:

Input:

Output:

Mode:

Variance:

Correlation Codicient:

Algorithm:

Source Code:

S —— O
2nooN1-p2 g 1-pPg 20%

Location parametersy, 1), ary real numbers; posite scale parameters(, ay);
correlation codfcient,-1< p<1

f(x,y) =
(x.y) ooy 203

Paint (X, y), wherex [ (-o0, 00) and y [ (00, 00)
(,UXHUy)

(0%, 79)

P

(1) Independently generateX ~ N(0, 1) andZ ~ N(0, 1)
(2) SetY =pX+V1-p?Z

(3) Return (uy + oy X, uy +oyY)

cartesianCoord corrNormal( double r, double muX, double sigmaX,
double muY, double sigmaY )
{

/I bounds on corr coeff
/I positive std dev

assert(-1.<=r&&r<=1.);
assert( sigmaX > 0. && sigmayY > 0.);

double x = normal();

double y = normal();

y =r * x +sqrt(l.-r*r)*y; /I correlate the variables
cartesianCoord p;

p.Xx = muX + sigmaX * x;
p.y = muY + sigmay *y;
return p;

/I translate and scale

}

Two examples of the distriltion of points obtained via calls to this function arenghn Figures 79 and 80.
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Figure 79. corrNormal( 0.5, 0.,1.,0., 1.).
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5.4.4 Correlated Uniform

Input: p, correlation codfcient, where-1 < p < 1; [Xmin,» Xmax), DOUNds along-axis;
[Ymins Ymax)» boOunds along-axis
Location parametersy, Yo), wherexg = (Xmin + Xmax)/2 @andygp = (Ymin + Ymax/2;
scale parameters,(b), wherea = (Xmax — Xmin)/2 andb = (Ymax — Ymin)/2 are denied

Output: Correlated points §, y) inside the ellipse bounded by the rectanglgnl Xmaxd * [Ymin: Ymaxl
Algorithm: (1) Independently generateX ~U(-1,1) andZ ~U(-1,1)
(2) If X2+ 22> 1, go back to step 1; otherwise go to step 3

(3) SetY =pX+J1-p2Z
(4) Return (X +aX, yg +bY)

Source Code: cartesianCoord corrUniform( double r, double xMin, double xMax,
double yMin, double yMax )
{
assert(-1.<=r&&r<=1.); /I bounds on corr coeff
assert( xMin < xMax && yMin < yMax );
double x0 = 0.5 * ( xMin + xMax );
double y0 = 0.5 * ( yMin + yMax );
double a = 0.5* (xMax - xMin );
double b = 0.5*(yMax - yMin);
double x, y;
do {
X = uniform(-1., 1. );
y = uniform(-1., 1.);
} while (x*x+y*y>1.);
y =1 * x +sqrt(l.-r*r)*y; /I correlate variables
cartesianCoord p;
p.x=x0+a*x; / translate & scale
py=y0+b*y;
return p;
}

Two examples of the distriltion of points obtained via calls to this function arenghn Figures 81 and 82.

1— 1000 Points PR 1— 1000 Points
p=0.5 Lo s p=-0.75
'-...':;..' :.. oo ...'. o o .:
A ) S
o > eoe g0 o8, o fo
L S s Ak e T,
RY TSI S LI AL AP
e® @ .t.-.‘o:’ . 3 oo -:. . o...t
"’.. ;' .:.'.:...'. .‘.'.o.. ; % o’-..;...' ...0 ;
o aezs e, we K Tl
:':::".'. ‘.:..-;'.‘..’:.’ -... ‘?O’ ° ~, *° .. ..‘:.
0.5 AP B LTS IR P 0.5 .
-: :-:§'.; .:}} ; . ; - ..' v .;;: ‘::'-..' .1'.;’::2”;:.‘.. .."::. "..
o...o'.::-.: 22 otw f. et o _..'. o ‘:;i. -"i‘: P ::-'o}g:; 3.
:..: ° ° 5.\.'0 %o . .f * T.“Bj' k) ;o- - 32 %, l".
e, 0 .-,'.’f-:.a', P : y\;!....‘f-"" '{fé‘“‘. i.,ﬁ;‘::
[ * o “ e . ...'.o. e 3% o anats ot ! -.so " -...
iRl N g e TR T A Tyl
PO R R > :,':‘,_:-&‘.,‘.". et ey
30' c@ e et ots e % ':,':g.'.'.'ﬁ'b.\'?- - £ ..n:-.\"‘
AR TRTEY. SRt DR R LT
.o oot 0 8 L &’.*"Q.o.:‘\.._-h
° o~ _° 8% o N'o.g‘.....o..'.o
0 o sty & 0 Tere
{ { { { { {
0 0.5 1 0 0.5 1
Figure81. corrUniform(0.5,0.,1.,0., 1.). Figure82. corrUniform(-0.75, 0., 1., 0., 0.5).
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5.4.5 Spherical Uniform

: . sing U0< pin <8<
Density Function: (6,9 = (C0S8 = CoSFe) for Oy < min << 72T
(¢7max_ Pmin min ma oY= Pmin <SPS 277
o _ = Ginin)(COSBin, — COSA U0< Opin <6<
Distribution Function: F,9) = (¢ wmm;icosemm cose) 5 for o< min << 72T
(¢max_ Pmin min ma oY= Pmin S P 27T
Input: minimum polar angl&d, = 0;

maximum polar anglé,,,, < 7;
minimum azimuthal angley,, = 0;
maximum azimuthal anglg,.x < 27

Output: (8, @) pair, whered O [6min, Omaxd @d @ O [ @mins Prmaxd

Mode: Does not uniquely ®&ist, as angles are uniformly distuied aer the unit sphere
Mean: ((Bmin * Omax)/2, (@min + Pmax)/2)

Variance: ((Bmax = Bmin)*/12, (#max — #imin) */12)

Algorithm: (1) GenerateU; ~ U (C0OSOmax COSOmin) and U, ~ U (@min, Pmax)-

(2) Return ® = cos(U;) and® = U,.

Source Code; sphericalCoord spherical( double thMin, double thMax,
double phMin, double phMax )
{

assert( 0. <= thMin && thMin < thMax && thMax <= M_PI &&
0. <= phMin && phMin < phMax && phMax <= 2. * M_PI );

sphericalCoord p;

p. pol ar = acos( uniform( cos( thMax ), cos(thMin) ) );
p.azimuth = uniform( phMin, phMax );
return p;

}

Figure 83 shows the uniform random distribution of 1,000 points on the surface of the unit sphere obtained via calls
to this function.

Figure 83. Uniform Spherical Distribution via spherical().
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5.4.6  Spherical Uniform in N-Dimensions

Thiswill generate uniformly distributed points on the surface of the unit spherein n dimensions. Whereas the previ-
ous distribution (5.4.5) is designed to return the location angles of the points on the surface of the three—dimensional
unit sphere, this distribution returns the Cartesian coordinates of the points and will work for an arbitrary number of

dimensions.
Input:
Output:
Algorithm:

Source Code:

Notes:

VectorX to receve values; number of dimensions
VectorX of unit length (i.e. X2 +---+ X2 = 1)
(1) Generate n IID normal variatesXy,---, X, ~ N(0, 1)

(2) Compute the distance from the origid,= /X7 +--- + X2
(3) Returnvector X/d, which nawv has unit length

void sphericalND( double Xx([], /I x array returns point
int n) /'l n i s number of dimensions

/I generate a point inside the unit n-sphere by normal polar method
doubler2 =0
for (inti=0;i<n;i++){
x[ 1] =normal();
rR+=x[i]*x[1];
/I project the point onto the surface of the n-sphere by scaling

const double A=1./sqrt(r2);
for (inti=0;i<n;i++)x[i]*=A;

(1) Whenn =1, this returns { 1,+1}.

(2) When n = 2, it generates coordinates of points on the unit circle.
(3) When n = 3, it generates coordinates of points on the unit 3-sphere.
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55 Distributions Generated Fr om Number Theor y

This section contains two recipes for generating pseudo-random numbers through the application of number theory:”
(1) Tausworthe or Shift Rgister Generation of Random Bits, and

(2) Maxima Avoidance or Sub-Random Sequences.

5.5.1 Tausworthe Random Bit Generator
Very fast random bit generators have been developed based on the theory of Primitive Polynomials Modulo Two
(Tausworthe 1965).These are polynomials of the form

Po(x) = (X" +a, X" 1+ +a;x+1) mod 2, (50)
wheren is the order and each coefficient ; iseither 1 or 0. The polynomials are primein the sense that they cannot
be factored into laver order polynomials and there primitive in the sense that the recurrence relation

ap = (X"+a, X"+ +a;x+1) mod 2 (51)

will generate a string of 1's and O's that has a maximal cycle length of 2" — 1 (i.e., all possible values excluding the
case of all zeroes)Primitive polynomials of orden from 1 to 100 hee been tabluated (dAtson 1962).

Since the truth table of integer addition modulo 2 is the same as “‘exclusive or,” it is very easy to implement these
recurrence relations in computer code. And, using the separate bits of a computer word to store a primitive polyno-
mial allows us to deal with polynomials up to order 32, tegycle lengths up to 4,294,967,295.

The following code is overloaded in the C++ sense that there are actually two versions of this random bit generator.
Thefirst one will return a bit vector of length n, and the second version will simply return a single random bit. Both
versions are guaranteed tovea cycle length of 2 - 1.

Input: Random number seed (not zero), ordefl < n < 32),
and, for first ersion, an array to hold the bitator
Output: Bit vector of lengthn or asingle bit (i.e., 1 or 0)
Source Code: void tausworthe( bool* bitvec, unsigned n ) /I returns bit vector of length n

/I It is guaranteed to cycle through all possible combinations of n bits

I (except all zeros) before repeating, I.e., cycle is of maximal length 2°n-1.

/I Ref: Press, W. H., B. P. Flannery, S. A. Teukolsky and W. T. Vetterling,

/1 Nuneri cal Recipes in C, Cambridge Univ. Press, Cambridge, 1988.

assert(1<=n&&n<=32); /l'length of bit vector

if (_seed2 & BIT[n])
_seed2 =((_seed2”" MASK[n])<<1)|BIT[1];

else
_seed2 <<=1;
for (inti=0;i<n;i++)bitvec[i]=_seed2 & (BIT[n]>>1i);
}
bool tausworthe( unsigned n)) /I returns a single random bit
assert(1<=n&&n<=32);
if (_seed2 &BIT[n]) {
_seed2 =((_seed2"MASK[n])<<1)|BIT[1];
return true;
else {
_seed2 <<=1;
return false;
}
Notes: (1) The constants used in the abgource code are defined Random.h.

(2) Thisgenerator is 3.6 timeagter tharmernoulli( 0.5)

* The theory underlying these techniques is quitelired, lut Press et al. (1992) and sources cited thereiridga starting point.
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5.5.2 Maximal Avoidance (Quasi-Random)

Maximal avoidance is a technique for generating points in a multidimensional space that are simultaneously self-
avoiding, while appearing to be random. For example, the first three plots in Figure 84 show points generated with
this technique to demonstrate how they tend to avoid one another. The last plot shows atypical distribution obtained
by a uniform random generatarhere the clustering of points is apparent.
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The placement of pointsis actually not pseudo-random at al but rather quasi-andom through the clever application
of number theory. The theory behind this technique can be found in Press et al. (1992) and the sources cited therein,
but we can give a sense of it here. It is somewhat like imposing a Cartesian mesh over the space and then choosing
points at the mesh points. By basing the size of the mesh on successive prime numbers and then reducing its spacing
as the number of points increases, successive points will avoid one another and tend to fill the space in an hierarchi-
cal manner. The actual application is much more involved than this and uses some other techniques (such as primi-
tive polynomials modulo 2, and Gray codes) to make the whole process very efficient. The net result is that it pro-
vides a method of sampling a space that represents a compromise between systematic Cartesian sampling and uni-
form random sampling. Monte Carlo sampling on a Cartesian grid has an error term that decreases faster than N2
that one ordinarily gets with uniform random sampling. The drawback is that one needs to know how mary Carte-
sian points to select beforehand. As a consequence, one usually samples uniform randomly until a convergence cri-
terion is met. Maximal avoidance can be considered as the best of both of these techniques. It produces an error
term that decreases faster than N2 while at the same time providing a mechanism to stop when a tolerance crite-
rion is met. The following code is an implementation of this technique.

double avoidance( void ) /I 1-dimension (overloaded for convenience)
double x[ 1 ];
avoidance(x, 1);
return x[ O J;

void avoidance( double x[], int ndim ) /I multi-dimensional

static const int MAXBIT = 30;
static const int MAXDIM = 6;

assert( ndim <= MAXDIM );

static unsigned long ix] MAXDIM +1]={0};

static unsigned long *u[ MAXBIT + 1 |;

static unS|gned Iong mdeg[ MAXDIM + 1] = {// degree of primitive polynomial

0,1,23,3,4,4

}.

static unS|gned Iong p[ MAXDIM + 1] ={ /I decimal encoded interior bits
0,0,1,1,21,

h
static unsigned long v[ MAXDIM * MAXBIT + 1] ={
o, 1, 1, 1, 1, 1, 1,
3, 1, 3, 3, 1, 1,
5 7, 7, 3, 3, 5,
15, 11, 5 15 13, 9

|3

static double fac;
static int in = -1;

intj, k;

unsigned long i, m, pp;

if (in==-1){
|n-0'
fac = 1./ (1L << MAXBIT);
for (j=1, k=0;j <= MAXBIT; j++, k += MAXDIM ) u[j] = &[ k ];
for (k = 1; k <= MAXDIM,; k++ ){
for (j=1;j<=mdeg[K]; j++) u[j][ k] <<= (MAXBIT - j);
for (J =mdeg[ k] + 1;j <= MAXBIT; j++ ) {
Pp pLK];

i "= (1 >> ndeg[k]);

for (intn=mdeg[k]-1;n>=1n-){
if(pp&1)i“=ufj-n]k];
pp >>=1;

i ,
ulillk]=4i
}

i n++;
=0; j<MAXBIT; j++,m>>=1)if (!(m & 1)) break;
:MAXBIT)exit(l);

* MAXDIM,;

=0; k < ndim; k++) {
[k+1]‘:v[m+k+1];
x[k]=ix[k+1]*fac;

J
>

g3 ;5'"3“"'

)
if (]
=
r(k
IX
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6. DISCUSSION AND EXAMPLES

This section presents some example applications in order to illustrate and facilitate the use of the various distribu-
tions. Certain distributions, such as the normal and the Poisson, are probably over used and others, due to lack of
familiarity, are probably under used. In the interests of improving this situation, the examples make use of the less
familiar distributions. Before we present example applications, however, we first discuss some differences between
the discrete distritions.

6.1 Making Sense of the Discrete Distrib utions

Due to the number of different discrete distributions, it can be a little confusing to know when each distribution is
applicable. To help mitigate this confusion, let usillustrate the difference between the binomial, geometric, negative
binomial, and Pascal distributions. Consider, then, the following sequence of trials, where 1"’ signifies a success
and ‘0"’ afailure.

Trial: 1 2 3 4 5 6 7 8
OQutcome: 1 O 1 1 1 O 0 1

The binomialn, p) represents the number of successestitals so it wuld ezaluate as follavs.

binomial(1,p)=1
binomial(2,p)=1
binomial(3,p)=2
binomial(4,p)=3
binomial(5,p) =4
binomial(6,p) =4
binomial(7,p) =4
binomial(8,p) =5

The geometric (p) represents the number of failures before the first success. Since we have a success on the first
trial, it evaluates as follws.

geometric(p)=0

The negativeBinomial (s, p) represents the number of failures before the sth successin n trials so it would evaluate
as follaws.

negativeBinomial(1,p) =0
negativeBinomial(2,p)=1
negativeBinomial(3,p)=1
negativeBinomial(4,p)=1
negativeBinomial(5,p ) =3

The pasca(s, p) represents the number of trials in order to achsssuccesses so itould evaluate as follovs.

pascal(l,p)=1
pascal(2,p)=3
pascal(3,p)=4
pascal(4,p)=5
pascal(5,p)=8
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6.2 Adding Ne w Distrib utions

We show here how it is possible to extend the list of distributions. Suppose that we want to generate random num-
bers according to the probability density functionvehdn Figure 85.

f()
0.5
0.25—
0
w w ! w !
-1 -0.5 0 0.5 1

X
Figure 85. Semi-Elliptical Density Function.
The figure is that of a semi-ellipse, and its equation is

2.
f(x):l—TVl—x2, where —1<x< 1, (52)
Integrating, we find that the cumulegidistribution function is

1 — w2 +gj 1
F(x) = % + XVL= X2 +Sin”(x) , Where —1<x< 1. (53)
T

Now, this expression involves trancendental functions in a nonalgebraic way, which precludes inverting. But, we can
still use the acceptance-rejection method to turn this into a random number geNgediare to do two things.

(1) Defineafunction that returns aalue fory, given avalue forx.
(2) Defineacircular distritution that passes the function pointer toltlserSpecifiedistribution.
Here is the resulting source code in a form suitable for inclusion in the Random class.

double ellipse( double x, double, double ) // Ellipse Function

return sgrt( 1. - x * x ) / M_PI_2;

double Random::elliptical( void ) /I Elliptical Distribution
{
const double X_MIN =-1.;
const double X_MAX =1.;
const double Y_MIN =0.;
const double Y_MAX =1./M_PI_2;
return userSpecified( ellipse, X_MIN, X_MAX, Y_MIN, Y_MAX);
}
And here is source code to nealse of this distritition.

#include <iostream.h>
#include "Random.h"

void main( void )

Random rv;
for (inti=0;i<1000; i++ ) cout << rv.elliptical() << endl;
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6.3 Bootstrap Method as an Application of Sampling

If we are only interested in the mean value, X, of a set of data and wish to know the accuracy of the sample mean,
then there is a handy formuleadable:

/2

o 1 N
Standard Error of the Mea@nw S (% -%)°0 . (54)
(N - 1 i=1 D

On the other hand, if we are interested in some other metric, such as the correlation coefficient, then there isno sim-
ple analytical formulathat allows us to estimate the error. The bootstrap method was designed to address this situa-
tion. The basic ideaisthat we sample the original data with replacement to obtain a synthetic data set of another N
data points, and, from this, we compute the statistic we are interested in. We then repeat this process over and over
until we have built up aset M of computed values of the relevant statistic. We then compute the standard deviation
of these M values; it will provide the standard error of the statistic. Given the high cost and consequent scarcity of
data in many applications, combined with the reduced cost and abundance of computing power, the bootstrap
method becomes a very attractive technique for extracting information from empirical data (Diaconis and Efron
1983; Efron and ibshirani 1991).The New York Timeshad this to say:

A new technique that involves powerful computer calculations is greatly enhancing the statistical
analysis of problems in virtualy al fields of science. The method, which is now surging into
practical use after a decade of refinement, allows statisticians to determine more accurately the
reliability of data analysis in subjects ranging from politics to medicine to particle physics....
(Nov. 8, 1988, C1, C6).

Here, we give an example of how sampling may be applied to empirical data in order to compute a bootstrap error
estimate. The data consist of 150 spall fragments that were collected when a penetrator perforated a plate of armor.
Each spall fragment was weighed and the dimensionless shape factor (see section 3.7 for the definition) was mea-
sured from 16 different directions in order to compute an average shape factor Thus, the experimental data consist
of 150 mass, average shape factor pairs. The question arises as to whether there is any correlation between mass and
average shape factor For example, one might expect small fragments to be more compact and large fragments to be
more irregular in shape. This would be reflected in a positive correlation coefficient. The correlation coefficient
computed from the original experimental data is —0.132874. Since the absolute value is considerably smaller than
1, there appears to be no correlation between mass of the fragment and its average shape factor” Now, we would like
to know how much variation to expect in the correlation coefficient. The 150 data pairs were put into afile called
‘““sampleDat&. The folloving source code then implements the bootstrap method.

#include <iostream.h>
#include "Random.h"

void main( void )

const int N_DATA = 150; /I number of data points
const int N_DIMS = 2; /I number of dimensions
Random rv;

double data[ N_DIMS |;

for (inti=0;i<N_DATA; i++){
rv.sample( data, N_DIMS );
cout<<data[0]<<""<<data[1]<<endl

}

This will generate a synthetic set of 150 data pairs, from which we compute the corresponding correlation coeffi-
cient. We then replicate the process 128, 256, 512, and 1,024 times. After 128 replications, we find the following
statistics on thetate of corelationamong the tw variables, shapaé€tor and mass.

* More formally, the value of the t statistic is —1. 63094, and since | - 1. 63094 | < 1. 96, the critical value for atwo-sided test at a 0.05 signifi-
cance ledl, it fails the Student t tesConsequentlywe cannot reject the nullypothesis that the data pairs are uncorrelated.
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n 128

m n = -0.251699
max = -0.0775172
sum = -17.8033

SS = 2.60043
mean = -0.139088
var = 0.000978001
sd = 0.031273

se = 0.00276417
skew = -0.83868
kurt = 4.44186

The statistics after 256 replications are as ¥adlo

n = 256

mn = -0.247179
max = 0.00560571
sum = -36.5577
ss = 5.51328
mean = -0.142803
var = 0.00114789
sd = 0.0338805
se = 0.00211753
skew = 0.254268
kurt = 4.59266

The statistics after 512 replications are as Vatlo

n = 512

m n = -0.247179
max = 0.00560571
sum = -72.0359
SS = 10.7341
mean = -0.140695
var = 0.00117227
sd = 0.0342384
se = 0.00151314
skew = 0.161558
kurt = 3.91064

The statistics after 1,024 replications are as figilo

n = 1024

mn = -0.280715
max = 0.00560571
sum = -142.313
ss = 21.0328
mean = -0.138978
var = 0.00122616
sd = 0.0350165
se = 0.00109427
skew = 0.118935
kurt = 4.05959

Thus, we may say (with 1—o confidence) that the correlation coeffient is —0. 139 + 0. 035 and conclude that the data
are uncorrelated.

Performing a bootstrap on the t statistieegithe following results.

N  value of t statistic

128 -1.72921 + 0.401098
256 -1.70181 + 0.407198
512 -1.70739 *+ 0.445316
1024 -1.68787 + 0.428666
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6.4 Monte Carlo Sampling to Ev aluate an Integral

A simple application of random number distributions is in the evaluation of integrals. Integration of a function of a
single variable, f (x), is equivalent to evaluating the area that lies below the function. Thus, a smple way to esti-
mate the intgral

b

J‘ f(x) dx (55)

isto first find the bounding rectangle [a, b] % [0, Ymax, as shown in Figure 86; select uniform random points (X, Y)
within the rectangle; and, for every point that satisfies the condition Y < f(X), increment the area estimate by the
amount b — a)ymad N, whereN is the total number of sample points in the bounding rectangle.

y

ym ax

X

Figure 86. Integration as an Area Ewaluation via Acceptance-Rejection Algorithm

This can be accomplished with the feliog source code.

#include <iostream.h>
#include "Random.h"

double f( double x ) { return .

void main( void )
Random rv;
const double A
const double B

const double Y_MAX =
const int N

double area =0.;

for (inti=0;i<N;i++){
double x = rv.uniform( A, B);
double y = rv.uniform( 0., Y_MAX);
if(y<f(x))area+=(B-A)*Y_MAX/N;

cout << "area estimate =" << area << end|;

}

Thisis essentially a binomial process with a probability of success p equal to the ratio of the area under the curve to
the area of the bounding rectanglkhe standard deation of the area estimate, therefore (see section 5.2.2), is

o= 7; i E\I_p) x area of bounding rectangle. (56)
Note that the factory/p(I— p) is close to 0.5 unless we happen to have a very close-fitting bounding rectangle. This
so-called “hit-or-miss’ method is also inefficient in that two calls are made to the random number generator for

each sample point. A more efficient method is obtained by first approximating the integral in eq. (55) by its Rie-
mann sum:
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b N 1 N
J'f(X) dx= 2 f(x)ax =(b-a) 5 3 f(x). (57
] i=1 i=1

This dispenses with the bounding rectangle and only requires uniform random points along the x-axis. Conse-
guently the source code can be simplified to the foilw.

#include <iostream.h>
#include "Random.h"

double f( double x ) { return -}
void main( void )
Random rv;
const double A =
const double B =
const int N="...
double sum =0,
for (inti=0;i<N; i++) sum +=f( rv.uniform( A, B) );
cout << "area estimate =" << (B -A)*sum/N <<endl;

}

Notice that eq. (57) expresses the integral as (b — a) x mean value of f. Thus, we increase accuracy to the extent

that the points are spread uniformly over the x-axis. Maximal avoidance is perfectly suited to do this and avoid the

clustering of points that we get with the uniform random generatts can be accomplished by simply replacing
rv.uniform( A, B) a rv.avoidance() * (B - A)

in the aboe source code.

To illustrate the advantage of maximal avoidance over uniform random in a simple case, let us consider the cosine
density:

_1 X—ag
f(x)—%cosD b0

wherea = 1/2 andb = 1/m. The int@ral can be performed analytically:

?;a% 0<x<1, (59)

0<x<1, (58)

X 10
H@=Jf@NE=§ﬂ+$n
0

andF (1) = 1. Table 5 shws the errors with the tmmethods.

Table 5. Comparison of Uniform Random and Maximal Avoidance in Monte Carlo Sampling

Number of Uniform Random Maximal Avoidance
Sample Bints Value % Error Value % Error

100 1.00928 +0.93 101231 +1.23

1,000 0.993817 -0.6183 | 1.0005 +0.05
10,000 1.00057 +0.057 1.00015 +0.015
100,000 0.999771 -0.0229 | 1.00001 +0.001

1,000,000 1.00026 +0.026 1 <10°

It can be shown (e.g., Press et a. [1992] pp. 309-314) that the fractional error term in maximal avoidance decreases
as InN/N, which is amost as fast as 1/N. In contrast, the fractional error term in uniform random sampling
decreases d¥ %2, the same as in the hit-atiss Monte Carlo sampling (cf. eq. [56]).
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6.5 Application of Stoc hastic Interpolation

The technique of stochastic interpolation is very useful in those cases where the data does not seem to fit any known
distribution. It allows us to simulate the essential characteristics of the data without returning the same data points
over and over again. For example, Figure 87 shows bifurcated data in the x—y plane. Without an understanding of
the underlying mechanism, it would be very difficult to fit a distribution to this data. However, it is easy to create
synthetic realizations using stochastic interpolation. We must first place the data in a file named ‘“‘stochasticDatd.
Then the follaving code will produce another realization such as thatstio Figure 88.

#include <iostream.h>
#include <stdlib.h>
#include <unistd.h>
#include "Random.h"

void main( int argc, char* argv[] )

long seed = long( getpid() );
if (argc ==2) seed = atoi(argv[ 1]);

Random rv( seed );
for (inti=0;i<N_DATA; i++){

point p = rv.stochasticlnterpolation();
cout << p.x<<""<<py<<endl

}
6 — 6 —
3
0—
-3 .
-6

Figure 87. Stochastic Data for Stochastic Intempolation.  Figure 88. Synthetic Data via Stochastic Intepolation.
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6.6 Combining Maximal A voidance With Distrib utions

It is also possible to combine techniques. For example, we could use maximal avoidance to generate points in space
and then perform a transformation to get the density of points appropriate for adesired distribution. This amountsto
using maximal avoidance rather than uniform random to generate the points for transformation. However, since
maximal avoidance is deterministic rather than pseudo-random, the price we pay is that the pattern generated will
always be the samekigure 89 is anxample to generateariate normal.

Figure 89. Combining Maximal Avoidance With Bivariate Normal.
The source code is as fole.

#include <iostream.h>
#include "Random.h"

void main( void )

Random rv;
const int N = 2000; /I number of points

const double MU = 0,
const double SIGMA = 1,;
const double X_MIN =-1.;
const double X_MAX = 1.;
const double Y_MIN =-1.;
const double Y_MAX =1.;

double data[ 2 ];
for (inti=0;i<N;i++){
rv.avoidance( data, 2 );

double x = X_MIN + ( X_MAX - X_MIN ) *data[ 0 ;
doubley=Y_MIN + (Y_MAX-Y_MIN) *data[ 1 ];
doublep=x*x+y*y;
if(p<1.){

cout << MU + SIGMA * x * sqrt(-2. *log(p ) /

)/p)<<”
<< MU + SIGMA *y * sqgrt( -2. *log(p )

p)<
/p)<<endl
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6.7 Application of Tausworthe Random Bit V ector

Various systems in a combat vehicle are composed of critical components that are functionally related through the
use of one or more fault trees For instance, Figure 90 shows the fault tree for the main gun of the M1A1 tank
(Ploslonka et al. 1988).

ID Description ID Description

1 Main Gun Tibe 10 Gunners Control Handle

2 Main Gun Breech 11 Cable 1W200-9

3 Recoil Mechanism 12 Cable 1W104

4 Recoil Replenisher and Hose 13 Gunner's Primary Sight - Lever Ranel
5 Main Gun Tunnions 14 Blasting Machine

6 Turret Netvworks Box 15 Cable 1W105-9

7 Electric Paver - Turret 16 Cable 1W107-9

8 Manual Eleation Pump Handle 17 Cable 1W108-9

9 Commandess Control Handle 18 Main Gun Safety Switch

Figure 90. Fault Treefor Main Armament of M1A1 Tank.

Each of the 18 components comprising this diagram is considered critical because its dysfunction may have an
adwerse affect upon the gun functioning. However, as long as there is at least one continuous path of functioning
components from the top node to the bottom node, the main gun will still function. It is clear, for example, that the
fault tree as a whole is more sensitive to the loss of component 1 than it is to the loss of component 8. There are
other cases where it is not so clear. Here, we show how the random bit vector can be used to rank the sensitivity of
the components based upon the functioning of this fault tree. We need a bit vector of length n = 18 and, in order to
generate all the possible combinations of states, we need to take 28 — 1 = 262, 143 samples, the cycle length. We
are guaranteed that each combination will occur once and only once in the cycle (although in random order). The
following code will print out the state of each of the 18 components along with the statesnittireé.
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#include <iostream.h>
#include <stdlib.h>
#include <unistd.h>
#include "Random.h"

void main( void )

const unsigned LEN = 18; /1 number of components
const int = int(pow(2,LEN)-1); / number of combinations
unsi gned seed = 123456789; /'l seed for tausworthe generator
bool c[ LENJ; /I boolean component array
Random rv;
for (intn=0; n<N; n++){

rv.tausworthe( seed, LEN, c); // assign a state to each component

for (inti=0;i<LEN;i++)cout<<c[i]<<"";

c[0] [=c[1]]c[2]]c[3]]c[4]]c[5];

c[8] &=c[9];

c[8] |=c[10]

c[7] &=c[8];

c[6] |=c[7]]c[11]+c[12];

c[13]|=c[14];

c[6] &=c[13];

c[0] |=c[6]]1c[15]]c[16]|c[17];

cout<<c[0]<<endl

}
}

Next, we determine the correlation coefficient between each of the components and the overall state of the fault tree.
The results are sha in Table 6.

Table 6. Correlation Coefficient Between Component andault Tree Deactivation

Component | Correlation Codiicient
1 0.024713
2 0.024713
3 0.024713
4 0.024713
5 0.024713
6 0.024713
7 0.00494267
8 0.00216247
9 0.000309005
10 0.000309005
11 0.00123574
12 0.00494267
13 0.00494267
14 0.0179169
15 0.0179169
16 0.024713
17 0.024713
18 0.024713

It is apparent that the components fall into groups based upon their significance to the overall fault tree. Sorting the
components from most significant to least significaviesghe results shen in Table 7.
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Table 7. Ranking of Component Significance to &ult Tree Deactivation

Group Components

1,2,3,4,5,6,16, 17, and 18
14 and 15

7,12, and 13

8

11

9and 10

OO, WN P

This shows that components fall into six distinct classes based upon their significance to the overal fault tree. It also
gives a certain degree of verification that the coding is correct sinceit tell us that al the components in a given group
occur in the fault tree with the same footing. It is clear by examing Figure 90 that components 7, 12, and 13, for
instance, all hae the same significance to the vulnerability of the main gun.

Now, for the case shown here, where the number of componentsis 18, we could easily write a program consisting of
a series of nested loops to enumerate all 28 - 1 nonzero states. However, we do not have to add very many more
components before this direct enumeation approach will not be feasible. For instance, 30 components results in
more than one billion possible states. The Tausworthe random bit generator provides an alternative approach. We
could replicate, say 100,000 times, knowing that the bit vectors will be unique aswell as‘‘random?’ Assuch, it pro-
vides a useful tool for thexamination and erification of ault trees.
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APPENDIX A:
UNIFORM RANDOM NUMBER GENERATOR

The underlying random number generator used is one that will generate uniformly distributed random numbers on
the half-open interval [0,1). Any other distribution of random numbers, with few exceptions, results from mathe-
matical transformation. Thus, it is clear that we need a good generator of random numbersU (0, 1). Here we discuss
some criteria of what constitutes a good generator. After this, we discuss some tests that can be applied and show
the test results when applied tovaal candidate generators.

Al Selection Criteria
We will consider four attrilntes of what constitutes a good random number generator

* Range
A good generator should Yathe capability of producing a lge range of random numbers.

* Speed
A good generator should bast.

»  Portability
The generator should give the same sequence of random numbers, regardless of what computer it is run on.
As a minimum, we need themicit source code.

» \Validation
A good generator shoulckleibit apparent randomness by passing certain well-accepliédtion tests.

Six candidate generators were examined and tested for consideration as the underlying generator for U(0, 1). They
are alllinear conguential gneators of the form
Xi+1 = (@X +c) (modm). (A-1)

Thisis arecurrence relation for generating the next number in the sequence, given the multiplier a, the increment c,
and the modulus m. The linear conguential method is a well-accepted technique for generating a sequence of num-
bers that tagon the appearance of randomne$hey possess the folleing properties:?

» They are relatively fast, requiring f&/ arithmetic operations.

» They produce aange of values no greater than the modutos
» They have aperiodor cycle lengtmo greater tham.

» However, they are not free of sequential correlations.

We consider two generators available in standard C libraries, rand anddrand48 —and thus, commonly used—and
four versions of a generator proposed by Park and Miller.2> First, we give a short description of each one and list the
source code.

rand
This is the ANSI C grsion of a random number generator and has been implemented in Cves follo

unsigned long next = 1;

void srand( unsigned int seed ) [* set the seed */
next = seed;
int rand( void ) /* return a pseudo-random number */

next = next * 1103515245 + 12345;
return (‘unsigned int )( next / 65536 ) % 32768;

Knuth, D. E. The Art of Computer Bgramming Volume 2: Seminumerical Algorithms_ondon: Addison-WSsley, 1969.

Press, W. H., S. A. Teulolsky, W. T. Vetterling, and B. P. Flannery Numerical Recipesin C: The Art of Scientific Computing. New York:
Cambridge Uniersity Press, Second Edition, 1992.

Park, S. K., and K. WMiller. Communications of theGM. Vol. 31, pp. 1192-1201, 1988.
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Now, it may appear that the modulus here is 32,768, but, in fact, it is 2°2, due to the fact that ““unsi gned | ong” is
32 bitsin length and so modulus 2% is implicit. However, due to the fact that the returned number is ‘% 32768"" or
“modulo 32768 means that it is only capable of producing, at most, 32,768 distinct numbers. Thus, it has a period
of 2°2 and a range no greater than 32,768.

drand48

Thisalso isin the standard C library. This generator uses three 16-bit integer words in order to perform 48-bit arith-
metic. The constants ara = 25,214, 903,917, ¢ = 11, andm = 2*}, so that it thas aery long period.

[/l drand48.C: A portable implementation of drand48, this routine will

11 gener at e precisely the same stream of pseudo-random numbers
I/ i n the interval [0,1) as drand48, for the same seed value.
11 The drand48 algorithm is based on the linear congruential
11 xtn+1] =(C(a*x[ n] +c) ( nodm),
/1 wher e
/1 a = 25214903917 (OX5SDEECEG66D),
11 c = 11 (0xB), and
/1 = 2748 = 281474976710656 (0x1000000000000),
11 whi | e using 48-bit integer arithmetic, but ignoring
11 mul tiplication and addition overflows of two 16-bit integers.
static const unsigned int N_BITS = 16;
static const double TWO_16 =1./ (1L << N_BITS);
static const unsigned int MASK = unsigned(1 << (N_BITS-1)) +
unsigned( 1 << (N_BITS-1))-1; /1 65535
static const unsigned int X0 = 0x330E; /1 13070
static const unsigned int X1 = OxABCD; /1 43981
static const unsigned int X2 = 0x1234; /1 4660
static const unsigned int AO = OxE66D; /1 58989
static const unsigned int A1 = OxDEEC; /1 57068
static const unsigned int A2 = 0x5; /15
static const unsigned int C = 0xB; /1 11
static unsigned int x[ 3] ={ X0, X1, X2 };
static unsigned inta[ 3] ={ A0, A1, A2}
static unsigned int c = C;
static void next( void );
void my_srand48( long seed )
x[ 0] = X0;
x[1]= unS|gned( seed ) & MASK; /I store low-order bits
X[ 2] = (unsigned( seed ) >> N_ BITS ) & MASK; /I store high-order bits
a[0]=A0;
a[1]=A1;
a[2]=A2;
c =G

}
double drand48( void )

xt
Peetur(r)lTWO 16 * (TWO_16* (TWO_16 *x[0]+x[1]) +x[2]);

static void next( void )

unsigned p[2],9[2], 1[2];
bool carry0, carryl, carry2;
| ong prod;

pr od = long(a[0]) *long( x[ 01);
p[O]= un5|gned( prod ) & MASK
p[ 1] = unsigned( prod >> N_| BITS ) & MASK;

carry0O =long(p[0]) +long( ¢c) > MASK;
carryl =long(p[1]) + long( carry0 ) > MASK;
p[ O] =unsigned(p[0]+c) & MASK;
p[1]=unsigned(p[ 1]+ carry0) & MASK;

pr od = long(a[0])* Iong( x[ 11);

q[0]= un5|gned( prod) &M
g[ 1] = unsigned( prod >> N_ BITS ) & MASK;
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carry0 =long(p[1]) +long(q[0]) > MASK;
p[1]=unsigned(p[1]+ g[0]) & MASK;

prod = long(a[1])*long(x[01]);
r[ 0 ] = unsigned( prod ) & MASK;
r[ 1] = unsigned( prod >> N_BITS ) & MASK;

carry2 =long(p[1]) +long(r[ 0]) > MASK;
X[ 2] = unsigned( carry0 + carryl + carry2 +q[1]+r[ 1]+
a[0]*x[2]+a[1]*x[1]+

a[2]*x[0]) & MASK;
X[1]=unsigned(p[1]+r[0]) & MASK;
) X[ 0] =unsigned(p[0]) & MASK;
ran0

This is the “minimal” random number generator of Park and Miller.® The constants are a = 16,807, ¢ =0, and
m =231 -1 (a Mersenne prime). It uses Schrage’'s method to implement the recurrence formula without overflow
of a 32-bit vord. It has a period of2 — 2 = 2,147, 483, 646.

/I ran0.C: Minimal random number generator of Park and Miller.

Ret ur ns a uniform random deviate in [0,1) with a period of 2°31-2.
Set orreset seed to any integer value (except the value 0) to
initialize the sequence; seed must not be altered between calls for
successi ve deviates in the sequence.

| Ref: Press, W. H., et al., "Numerical Recipes in C", Cambridge, 1992, p. 278

~——

/
/
/
/
/

#include <assert.h>
double ran0( long& seed )
{

static const long 2147483647, /1 Mersenne prime 2°31-1
/1

M=
static const long A = 16807, 7°5 is a primitive root of M
static const long Q = 127773;
static const long R = 2836;
static const double F=1./ M;
assert(seed '=0); /I since it won't work if seed = 0
long k = seed / Q; /I compute seed = (A *seed ) % M
seed=(seed-k*Q)*A-k*R; /I without overflow
if (seed <0) seed += M; /I by Schrage’s method
return seed * F; /I convert to a floating point
}
ranl

Thisis the same asran0 , with the same constants, but also makes use of Bays-Durham shuffle® to break up sequen-
tial correlations inherent in the linear congruential method.

/l ran1.C: Random number generator of Park and Miller with Bays-Durham shuffle.

/ Ret ur ns a uniform random deviate in [0,1) with a period of 2°31-2.
/ Set the seed to any integer value (except zero) to initialize the

/ sequence; seed must not be altered between calls for successive
/ devi at es in the sequence.

/I Ref: Press, W. H., et al., "Numerical Recipes in C", Cambridge, 1992, p. 278

~——

#include <assert.h>

double ran1( long& seed )
{

static const long M = 2147483647, /1 Mersenne prime 2°31-1
static const long A = 16807, /'l 7°5is a primitive root of M
static const long Q = 127773;
static const long R = 2836;
static const double F =1/ M
static const short NTAB = 32;

3 Park, S. K., and K. WMiller. Communications of theGM. Vol. 31, pp. 1192-1201, 1988.

4 Schrage, L.ACM Transactions on Mathematical SoftwarVol. 5, pp. 132-138, 1979.

5

Bays, C., and S. D. Durham. “‘Improving a Poor Random Number Generator.” ACM Transactions on Mathematical Software, Vol. 2, pp.
59-64, 1976.
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static const long DV =1+ ( M- 1) / NTAB;
assert(seed '=0); /I since it won't work if seed = 0

static long value = 0;
static long table[ NTAB ];

if (value==0){ /' load the shuffle table the first time through
for (inti=NTAB + 7;i>=0;i-) { /I first perform 8 warm-ups
long k = seed / Q;
seed=A*(seed-k*Q)-k*R;
if (seed <0) seed += M;
if (1<NTAB) table[i] = seed;

value =table[ 0 ];

long k = seed / Q; /l compute seed = (A *seed ) % M
seed=A*(seed-k*Q)-k*R; /I without overflow
if (seed <0) seed += M; /I by Schrage’s method
inti = value / DIV; /I Bays-Durham shuffle algorithm
value =table[ i ];
table[ i ] = seed;
return value * F; /I return a floating point
}
ranlv2

This is wersion 2 ofanl . It uses the multipliera = 48, 271.

/ ranlv2.C: Random number generator of Park and Miller (version 2) with

Bays- Dur ham shuffle algorithm.

Ret ur ns a uniform random deviate in [0,1) with a period of 2°31-2.
Set the seed to any integer value (except zero) to initialize the
sequence; seed must not be altered between calls for successive
devi at es in the sequence.

| Ref: Press, W. H., et al., "Numerical Recipes in C", Cambridge, 1992, p. 278

~———

/
/
/
/
/
/
/

#include <assert.h>

double ranlv2( long& seed )

static const long M = 2147483647, /1 Mersenne prime 2°31-1
static const long A = 48271, /1 this is a prime number
static const long Q = 44488;
static const long R = 3399;
static const double F =1 /' M
static const short NTAB = 32;
static const long DV =1+ ( M- 1) / NTAB;
assert(seed '=0); /I since it won't work if seed = 0
static long value = 0;
static long table[ NTAB ];
if (value==0){ /' load the shuffle table the first time through
for (inti=NTAB + 7;i>=0;i-) { /I first perform 8 warm-ups

long k = seed / Q;
seed=A*(seed-k*Q)-k*R;
if (seed <0) seed += M;

if (1<NTAB) table[i] = seed;

}
value =table[ 0 ];

long k = seed / Q; /I compute seed = (A *seed ) % M
seed=A*(seed-k*Q)-k*R; /I without overflow

if (seed <0) seed += M; /I by Schrage’s method

inti = value / DIV, /I Bays-Durham shuffle algorithm

value =table[i];
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table[ i ] = seed;

return value * F;

ranlv3

/I return a floating point

This is wersion 3 ofanl . It uses the multipliea = 69, 621.

/l ran1v3.C: Minimal random number generator of Park and Miller (version 3).

Ret ur ns a uniform random deviate in [0,1) with a period of 2°31-2.
Set the seed to any integer value (except zero) to initialize the
sequence; seed must not be altered between calls for successive
devi at es in the sequence.

| Ref: Press, W. H., et al., "Numerical Recipes in C", Cambridge, 1992, p. 278

~——

/
/
/
/
/

#include <assert.h>

double ranlv3( long& seed )
{

static const long M = 2147483647, /1 Mersenne prime 2°31-1
static const long A = 69621,

static const long Q = 30845;

static const long R = 23902;

static const double F =1 / M

static const short NTAB = 32;

static const long DV =1+ ( M- 1) / NTAB;

assert(seed '=0); /I since it won't work if seed = 0

static long value = 0;
static long table[ NTAB ];

if (value==0){ /' load the shuffle table the first time through
for (inti=NTAB + 7;i>=0;i-) { /I first perform 8 warm-ups
long k = seed / Q;
seed=A*(seed-k*Q)-k*R;
if (seed <0) seed += M;
if (1<NTAB) table[i] = seed;
}
value =table[ 0 ];
long k = seed / Q;

seed=A*(seed-k*Q)-k*R;
if (seed <0) seed += M;

/l compute seed = (A *seed ) % M
/I without overflow
/I by Schrage’s method

inti=value / DIV,
value =table[ i ];
table[ i ] = seed;

/I Bays-Durham shuffle algorithm

return F * value; /I return a floating point

}

One of the most important considerations when choosing a random number generator is how mary distinct random
numbers it generates. Let N be the number of random deviates requested, and let n be the actual number of distinct
random deiates generatedlable A-1 shavs the results.

Table A-1. Capability to Generate Distinct Random Numbers

Number Actual Number Geneated (% equested)
Requested, N rand drand48 ran0 ranl ranlv2 ranlv3
107 100 100 100 100 100 100
10° 98.20 100 100 100 100 100
10* 86.54 100 99.97 100 100 100
10° 31.15 100 99.80 100 100 100
10° 3.28 100 98.06 100 100 100
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It is not unreasonable to require 100,000 or more random numbers for a simulation, so these results alone should dis-
qualify rand as a serious random number generator

Next, let us compare the speed of the generators. Table A-2 shows the time to generate one million random deviates
on a Silicon Graphics erkstation with a 200—MHz processor

Table A-2. Uniform Random Number Generator Timings

Number Computer Time (S)
Requested, N | rand drand48 ran0O ranl ranlv2 ranlv3
100 0.37 1.17 0.88 121 121 1.20
The relatve timings are as folls.

rand : 1

drand48 : 3.2
ranO : 2.4
ranl : 3.3
ranlv2 : 3.3
ranlv3 : 3.3

Although drand48 is over three times slower than rand , it is a much better generator. Also, as is apparent from
Table A-2, the computer time involved in generating uniform deviates is not likely to be a significant burden in a
simulation.

Since we hee the source code for all six of these generatory, dhsatisfy the portability requirement.

A.2 Validation T ests
Next, we subject the six candidate random number generators to four tests of randomness.

A.2.1 Chi-Square T est

The chi-sguare test is a check that the generated random numbers are distributed uniformly over the unit interval. In
order to compute a value of y? from our random number generators, we first subdivide the interval [0,1] into k
subintenas of equal length and then count the number n; that fall into the ith bin when atotal of n random numbers
have been generatedThe computedalue of y? is obtained from the formula

k
=53 -k, (A-2)
ni=1

where

k is the number of bins,
n is the total number of random\dates, and
n; is the number of random dates in theth bin.

Asagenera rule when carrying out this test, k should be at least 100 and n/k should be at least 5. As the number of
random samples, n, was increased, we increased the number of bins, k, such that the ratio n/k remained constant at
8. Thecritical value of y2 can be calculated with the aid of the formulaljd/for lagek,

2 5|
S+ 2o VA DI (A-3)

s = (=11~

where

k is the numbers of bins,
a is the significance \el, and
2, isthe 1- o critical point of the standard normal distrtlon, and has thealue 1.645 whem = 0. 05.

The results are displayed in Table A-3. (The seed used for al of these tests was 123456789.) All of the generators
do about the same until the number of bins exceeds 32,768. Beyond this point, rand completely fails the chi-square
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test. Thisis a manifestation of the fact that rand is only capable of generating, at most, 32,768 different random
numbers (i.e., its range). Now, a good generator may still fail the test for a particular seed. Indeed, by definition, a
perfectly good generator should fail the test 5% of the time. So, the fact that the other generators occasionally go
dightly above the critical value is probably not significant. The fact that both ranlv2 andran2v3 never fail the test
may be significantdt would have to be tested further

Table A-3. Chi-Square Test Results (at a 0.05 Ll of Significance)

Number of Number of | Critical Computed Value of x°
Samples, n Bins, k Value rand drand48 ranO ranl ranlv2 ranlv3
1024 128 154 137 125 149 151 108 140
2048 256 293 264 264 268 268 259 271
4096 512 565 506 529 538 534 502 480
8192 1024 1099 912 1031 972 972 1026 984
16384 2048 2153 2064 2077 2021 2009 2065 1932
32768 4096 4245 4199 4248 4141 4135 4153 3945
65536 8192 8403 8246 8235 8416 8415 8170 8043
131072 16384 16682 16310 16634 16712 16718 16381 16196
262144 32768 33189 32737 32960 33122 33128 32703 32363
524288 65536 66132 588888 65577 66154 66167 65439 64893
1048576 131072 131914 | 3275060 130942 131715 131733 131104 130817

Notice that ran1v3 does very well on this test. We also ran 20 independent tests with different seeds for the case
whenn = 131,072 andk = 16, 384. We found that ran1 failed the test three times (or 15% of the time), ran1lv2
failed the test twtimes (or 10% of the time), aman1v3 never failed.

A.2.2 Sequential Correlation T ests
LetU; ~U(0, 1) be the ith random number from arandom number generator. Now, if theU,;’s are really independent
and identically distribted (1ID)U (0, 1) random \ariates, then the nowerlappingd-tuples

Ul:(UliUZ!"'!Ud)! U2:(Ud+l!Ud+2!"'!U2d)1 (A'4)

should be I1D random vectoss distributed uniformly on the d-dimensional unit hypercube, [0, 1)4. Let Nii,i, bethe
number of r;’s having first component in subinterval i, second component in subinterval i,, - - -, and dth component
in subinteral iy. Then the computed chi-square igegi by the formula

kd k k
=12 2
,=1

ip=1i

<0 n
3 iizia ~ fa (A-5)

ig=1

That is, this quantity should have an approximatey? distribution with k% — 1 degrees of freedom. Table A-4 shows
the test results for sequential pairs of random numbers.

Table A-4. Two-Dimensional Chi-Squale Test Results (at a 0.05 bl of Significance)

Number of Number of | Critical Computed Value of x?

Samples, n Bins, k Value rand drand48 ran0 ranl ranlv2 ranlv3
2048 16° 293 263 273 256 235 276 267
8192 322 1099 1031 1065 1066 1012 981 1053

32768 642 4245 4053 4164 4096 3956 4015 4163
131072 1282 16682 16138 16412 16690 16380 16303 16283
524288 2562 66132 65442 66009 65526 65788 65507 65168

2097152 5122 | 263335 | 260149 263072 261968 262948 262913 261518

With one &ception,ran0 for 131072 samples, theall pass this test.
Table A-5 shavs the test results for sequential triplets of random numbers.
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Table A-5. Three-Dimensional Chi-Squae Test Results (at a 0.05 hesl of Significance)

Number of  Number of | Critical Computed Value of y?
Samples, n Bins, k Value rand dr and48 ranO ranl ranlv2 ranlv3
512 4 83 54 65 52 69 63 63
4096 g3 565 479 522 495 519 491 536
32768 16° 4245 4210 4096 4224 4131 4071 4222
262144 328 33189 32872 32486 32558 32626 32654 32675
2097152 643 263335 | 262365 261818 261986 261716 262854 262002

All six generators pass this test.

A.2.3 Runs-Up Test

Thisis atest for independence. Each sequence of random numbersis examined for unbroken subsequences of maxi-
mal length within which the numbers increase monotonically; such a subsequence isrcallag eDefine

_ U number of runs of length  fori=1,2,---,5

= A-6
! E number of runs of length6 fori =6 (A-6)
and letn be the total length of the sequendéien the test statistic isvgh by the formula
1 6 6
R=-2 2 Aj(n —nh)(n; - nby), (A7)
i=1j=1
whereAy; is theijth element of the matrix (Knuth 1969)
¥529.4 9044.9 13568. 18091. 22615. 27892.
59044.9 18097. 27139. 36187. 45234. 55789.%
13568. 27139. 40721. 54281. 67852. 83685.
A=D 0 (A-8)

[18091. 36187. 54281. 72414. 90470. 1115800
522615. 45234. 67852. 90470. 113262. 139476%
[27892. 55789. 83685. 111580. 139476. 172860[]

and theb;’s are given by

M5 11 19 29 1
(g, bz, o) = 4 52 150" 720" 5040° 8400 (A-9)

For large n (n =4000), R will have an approximate chi-square distribution with 6 degrees of freedom, so that
)(6231095: 12. 6 for ana = 0.05 significance leel. Table A-6 shws the results from this test.

Table A-6. Runs-Up Test Results (at a 0.05 Ll of Significance)

Number of X2 Computed #ue ofR

Samples, n | Critical Value | rand drand48 ran0O ranl ranlv2 ranlv3
10* 12.6 1.69 5.69 458 2.93 297 7.36
10° 12.6 4.37 3.78 0.92 6.27 5.54 3.31
10° 12.6 9.07 5.67 6.59 7.27 8.93 11.8

All the generators pass this test.

A.2.4 Kolmogor ov-Smirno v (K-S) Test

This, like the chi-square test, is atest for uniformity. But, unlike the chi-square test, the K-S test does not require us
to bin the data. Instead, it is a direct comparison between the empirical distribution and F(x), the cumulative distri-
bution—which in this case, issimply F(x) = x. The K-S statistic isthe largest vertical distance between the theoret-
ical distritution and the empirical distukion. In practice, we compute
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_ O _.0
o TN

O i-10

D, = max [X; _TD and

1sisnD 0

D, =max{D;, D;}.

(A-10)

We reject the null ipothesis that the generated numbers are uniformly distdbver the interal [0, 1) if

O

11

0.
Jn+0-12+ == D > Cr,

where the critical @luec,_, for a = 0.05, is 1.358. Table A-7 shass the test results.

Table A-7. K-S Test Results (at a 0.05 hesl of Significance)

(A-11)

Number of K-S Computed Value of(vn+0.12+0.11/4n)D,

Samples, n | Critical Value | rand drand48 ran0 ranl ranlv2 ranlv3
10° 1.358 0.860 0.821 0.794 0.700 0.651 0.543
10* 1.358 0.780 0.693 0948 0928 0.394 0.860
10° 1.358 0.870 0.830 0956 0.950 1.035 0.943
10° 1.358 0.613 0.697 1.021 1.026 1.085 0.650

We see that all six generators pass this test.

From these four validation test results, we see that, with the exception of rand , all the generators are about the same.
Overall, ranlv3 seems to perform the best, and so it was chosen as the uniform random number generator in the
Random class. Incidently; it should be mentioned that the Random class permits more than one independent random

number streamFor example, if we set

Random rvl( seedl), rv2( seed2);

thenrvl andrv2 are distinct objects so that the stream generated by rvl alone is not altered by the presence of
rv2 . Thiscan be useful if we want to vary a selected stochastic process while retaining all other source of stochasti-

cism.
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APPENDIX B:
RANDOM CLASS SOURCE CODE

The definition and implementation of the Random class is consolidated into a single header file, Random.h. Asa
conseguence, it is only necessary to include this header file in any program that makes use of random number distri-
butions. For example, here is a simple program that esmkse of the Random class.

/I Sample program for using the Random class

#include <iostream.h> . Lo
#include "Random.h" 0O include the definition of the Random class

void main( void )

Random rv; O declaearandom variate
for (inti=0;i< 1000; i++) L .
cout << rv.normal() O reference the normal distrition (with default paametes)
<< endl;

}

If this code is contained in the file main.C , then it can be compiled and linked into an executable program, main ,
with the aid of the GNU C++ compiler byvoking the follaving UNIX command.

c++ -0 main main.C -Im

This program will set the random number seed from the UNIX process ID. If we want to set the seed explicitly to
123456789, simply makhe folloving replacement.

Random rv; O Random rv( 123456789 );

If at any time later in the program we want to reset the seed, to say 773, we can do that with the following statement.

Random rv.reset( 773 );

The remaining pages of this appendix contain the complete source cod®afidhenclass.
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// Random.h: Definition and Implementation of Random Number Distribution Class
// Ref: Richard Saucier, "Computer Generation of Statistical

// Distributions, " ARL-TR-2168, US Army Research Laboratory,

// Aberdeen Proving Ground, MD, 21005-5068, March 2000.

#ifndef RANDOM H
#define RANDOM H

#include <iostream>

#include <fstream>

#include <vector>

#include <list>

#include <algorithm>

#include <functional>

#include <cassert>

#include <cmath>

#include <cfloat> // for FLT MIN and FLT MAX
#include <unistd.h> // for getpid
using namespace std;

// Constants for Tausworthe random bit generator

// Ref: Tausworthe, Robert C., "Random Numbers Generated by Linear Recurrence
// Modulo Two," Mathematics of Computation, vol. 19, pp. 201-209, 1965.
static const unsigned DEGREE MAX = 32; // max degree (bits per word)

static const unsigned BIT[ 1 + DEGREE_MAX ] = {

// Hexidecimal Value Degree
0x00000000, // 0 0
0x00000001, // 270 1
0x00000002, // 271 2
0x00000004, // 272 3
0x00000008, // 273 4
0x00000010, // 274 5
0x00000020, // 275 6
0x00000040, // 276 7
0x00000080, // 277 8
0x00000100, // 278 9
0x00000200, // 279 10
0x00000400, // 2710 11
0x00000800, // 2711 12
0x00001000, // 2712 13
0x00002000, // 2713 14
0x00004000, // 2714 15
0x00008000, // 2715 16
0x00010000, // 2716 17
0x00020000, // 27117 18
0x00040000, // 2718 19
0x00080000, // 2719 20
0x00100000, // 2720 21
0x00200000, // 2721 22
0x00400000, // 2722 23
0x00800000, // 2723 24
0x01000000, // 2724 25
0x02000000, // 2725 26
0x04000000, // 2726 27
0x08000000, // 2727 28
0x10000000, // 2728 29
0x20000000, // 2729 30
0x40000000, // 2730 31
0x80000000 // 2731 32

}i

// Coefficients that define a primitive polynomial (mod 2)

// Ref: Watson, E. J., "Primitive Polynomials (Mod 2),"

// Mathematics of Computation, vol. 16, pp. 368-369, 1962.

static const unsigned MASK[ 1 + DEGREE MAX ] = {

BITI[O], // 0
BITI[O], // 1
BIT[1], // 2
BITI[1], // 3
BITI[1], // 4
BIT[2], // 5
BITI[1], // 6
BIT[1], /71
BIT[4] + BITI[3] + BIT[2], // 8
BIT[4], // 9
BIT[3], // 10
BIT[2], // 11
BIT[6] + BIT[4] + BIT[1], // 12
BIT[4] + BIT[3] + BIT[1], // 13
BIT[5] + BIT[3] + BIT[1], // 14
BITI[1], // 15
BIT[5] + BIT[3] + BITI[2], // 16
BIT[3], // 17
BIT[5] + BIT[2] + BIT[1], // 18
BIT[5] + BIT[2] + BIT[1], // 19
BIT[3], // 20
BITI[2], // 21
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BITI[1], // 22

BIT[5], // 23
BIT[4] + BIT[3] + BIT[1], // 24
BIT[3], // 25
BIT[6] + BIT[2] + BIT[1], // 26
BIT[5] + BIT[2] + BIT[1], // 27
BITI[3], // 28
BIT[2], // 29
BIT[6] + BIT[4] + BIT[1], // 30
BIT[3], // 31
BIT[7] + BIT[5] + BIT[3] + BIT[2] + BIT[1] // 32

}:
// for convenience, define some data structures for bivariate distributions
struct cartesianCoord { // cartesian coordinates in 2-D

double x, y;

cartesianCoords& operator+=( const cartesianCoords p ) {
X += p.X;
Yy += pP.Yi
return *this;

cartesianCoord& operator-=( const cartesianCoord& p ) {
X -= p.X;
Y -= P.Yi
return *this;

cartesianCoord& operator*=( double scalar ) {
X *= scalar;
y *= scalar;
return *this;

cartesianCoord& operator/=( double scalar ) {
x /= scalar;
y /= scalar;
return *this;

}:
struct sphericalCoord { // spherical coordinates on unit sphere

double theta, phi;

double x( void ) return sin( theta ) * cos( phi ); 3 // x-coordinate
double y( void ) return sin( theta ) * sin( phi ); // y-coordinate
double z( void ) return cos( theta ); } // z-coordinate

;
class Random {

// friends list
// overloaded relational operators

friend bool operator==( const Random& p, const Random& q )

bool equal = ( p._seed == g._seed ) && ( p._next == g._next );
for ( int i = 0; i < p._NTAB; i++ )
equal = equal && ( p._table[ i ] == g._table[ i ] );

return equal;

friend bool operator!=( const Random& p, const Random& q )

return !( p == q );

// overloaded stream operator
friend istream& operator>>( istream& is, Random& rv )

cout << "Enter a random number seed "
<< "(between 1 and " << LONG MAX - 1 << ", inclusive): " << endl;

is >> rv._seed;
assert( rv._seed != 0 && rv._seed != LONG_MAX );
rv._seedTable() ;

return is;

}
public:
Random( long seed ) // constructor to set the seed
assert( seed != 0 && seed != LONG_MAX );
seed = seed;

“seedTable() ;

_seed2 = seed | 1; // for tausworthe random bit generation
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Random( void ) // default constructor uses process id to set the seed
seed = long( getpid() );

“seedTable() ;
_seed2 = seed | 1; // for tausworthe random bit generation

~“Random( void ) // default destructor

}
Random( const Random& r ) // copy constructor (copies current state)
_seed = r._ seed;
_seed2 = r._seed2;
// copy the current state of the shuffle table
_next = r. next;
for ( int i = 0; i < _NTAB; i++ ) _table[ i ] = r._table[ i ];
Random& operator=( const Random& r ) // overloaded assignment
if ( *this == r ) return *this;
_seed = r._seed;
_seed2 = r._ seed2;
// copy the current state of the shuffle table
_next = r._ next;
for ( int i = 0; i < _NTAB; i++ ) _table[ i ] = r._tablel[ i ];
return *this;
}
// utility functions
void reset( long seed ) // reset the seed explicitly
assert( seed != 0 && seed != LONG MAX );

_seed = seed;

_seedTable() ;

_seed2 = _seed | 1; // so that all bits cannot be zero
void reset( void ) // reset seed from current process id

_seed = long( getpid() ):

_seedTable();

_seed2 = _seed | 1; // so that all bits cannot be zero

// Continuous Distributions

double arcsine( double xMin = 0., double xMax = 1. ) // Arc Sine

double q = sin( M PI 2 * wu() );
return xMin + ( xMax - xMin ) * g * q;

double beta( double v, double w, // Beta

{ double xMin = 0., double xMax = 1. ) // (v > 0. and w > 0.)
if ( v < w ) return xMax - ( xMax - xMin ) * beta( w, v );
double yl = gamma( 0., 1., v );
double y2 = gamma( 0., 1., w );

) return xMin + ( xMax - xMin ) * y1 / ( y1l + y2 );

double cauchy( double a = 0., double b = 1. ) // Cauchy (or Lorentz)

// a is the location parameter and b is the scale parameter
// b is the half width at half maximum (HWHM) and variance doesn’t exist

assert( b > 0. );

return a + b * tan( M PI * uniform( -0.5, 0.5 ) );

}

double chiSquare( int df ) // Chi-Square
assert( df >= 1 );

return gamma( 0., 2., 0.5 * double( df ) );

double cosine( double xMin = 0., double xMax = 1. ) // Cosine
assert( xMin < xMax );

double a = 0.5 * ( xMin + xMax ); // location parameter
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double b = ( xMax - xMin ) / M PI; // scale parameter

return a + b * asin( uniform( -1., 1. ) );

double doublelLog( double xMin = -1., double xMax = 1. ) // Double Log
assert( xMin < xMax );

( xMin + xMax
( xMax - xMin

// location parameter

double a =
= // scale parameter

0.5 *
double b 0.5 *
if ( bernoulli( 0.5 ) ) return

* u() * u();
else return *

_u() * _u();

}
double erlang( double b, int c ) // Erlang (b > 0. and c >= 1)
assert( b > 0. & c >= 1 );

double prod

1.;
for ( int i 0

; 1< c; i++ ) prod *= u();

return -b * log( prod );

}

double exponential( double a = 0., double c = 1. ) // Exponential
// location a, shape c
assert( c > 0.0 );
return a - ¢ * log( u() );
double extremeValue( double a = 0., double ¢ = 1. ) // Extreme Value
// location a, shape c

assert( c > 0. );

return a + ¢ * log( -log( _u() ) );

double fRatio( int v, int w ) // F Ratio (v and w >= 1)
assert( v >= 1 && w >= 1 );
return ( chiSquare( v ) / v ) / ( chisSquare( w ) / w );
double gamma( double a, double b, double ¢ ) // Gamma

// location a, scale b, shape ¢
assert( b > 0. & c > 0. );

const double A = 1. / sqrt( 2. * ¢ - 1. );
const double B = ¢ - log( 4. );

const double Q = ¢ + 1. / A;

const double T = 4.5;

const double D = 1. + log( T );

const double C = 1. + ¢ / M E;

if (e < 1.)
while ( true ) {
double p = C * u();
if (p>1.) {

double y -log( (C -p) / c);
if (_u() <= pow( y, ¢ - 1. ) ) return a + b * y;
else {

double y = pow( p, 1. / c );
if ( _u() <= exp( -y ) ) return a + b * y;

}
else if ( ¢ == 1.0 ) return exponential( a, b );
else {
while ( true ) {
double pl = _u();
double p2 = _u();
double v = A * log( pl / (1. - pl1) );
double y = ¢ * exp( v );
double z = pl * pl * p2;
double w = B + Q * v - y;
) if (wW+ D -T®* z > 0. || w>=1log( z) ) return a + b * y;

}
}

double laplace( double a = 0., double b = 1. ) // Laplace
// (or double exponential)
assert( b > 0. );

// composition method
if ( bernoulli( 0.5 ) ) return a + b * log( _u() );

)
else return a - b * log( _u() )

H
H
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}
double logarithmic( double xMin = 0., double xMax = 1. ) // Logarithmic
assert( xMin < xMax );

XMin; // location parameter
xMax - xMin; // scale parameter

double a =
double b =

// use convolution formula for product of two IID uniform variates

return a + b * u() * u();

}

double logistic( double a = 0., double ¢ = 1. ) // Logistic
assert( c > 0. );

return a - ¢ * log( 1. / u() - 1. );

double lognormal( double a, double mu, double sigma ) // Lognormal

return a + exp( normal( mu, sigma ) );

double normal( double mu = 0., double sigma = 1. ) // Normal
assert( sigma > 0. );

static bool f = true;
static double p, pl, p2;

double q;
if ((£) {
do {
pl = uniform( -1., 1. );
p2 = uniform( -1., 1. );

p = pl * pl + p2 * p2;
} while (p >= 1. );

q = pl;
else

q = p2;
£f = If;

return mu + sigma * q * sqrt( -2. * log(p ) / p );

}
double parabolic( double xMin = 0., double xMax = 1. ) // Parabolic
assert( xMin < xMax );

double a = 0.5 * ( xMin + xMax ); // location parameter
double yMax = parabola( a, xMin, xMax ); // maximum function range

return userSpecified( _parabola, xMin, xMax, 0., yMax );

}

double pareto( double c ) // Pareto
// shape c
assert( ¢ > 0. );
return pow( _u(), -1. / ¢ );
double pearson5( double b, double c ) // Pearson Type 5
// scale b, shape ¢
assert( b > 0. & c > 0. );
return 1. / gamma( 0., 1. / b, c );
double pearson6( double b, double v, double w ) // Pearson Type 6
// scale b, shape v & w
assert( b > 0. & v > 0. & w > 0. );
return gamma( 0., b, v ) / gamma( 0., b, w );
double power ( double c ) // Power
// shape c
assert( c > 0. );
return pow( _u(), 1. / c);
double rayleigh( double a, double b ) // Rayleigh
// location a, scale b

assert( b > 0. );

return a + b * sqrt( -log( _u() ) );:
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double studentT( int df ) // Student’s T
// degres of freedom df
assert( df >= 1 );

return normal() / sqrt( chiSquare( df ) / df );
double triangular( double xMin

double xMax
double c

B // Triangular
' // with default interval [0,1)
.5 ) // and default mode 0.5

nwnn
oHO

assert( xMin < xMax && xMin <= ¢ && ¢ <= xMax );
double p = _u(), @ = 1. - p;

if (p <= (c - xMin ) / ( xMax - xMin ) )

return xMin + sqrt( ( xMax - xMin ) * ( ¢ - xMin ) * p );
else

return xMax - sqrt( ( xMax - xMin ) * ( xMax - ¢ ) * q );

}
double uniform( double xMin = 0., double xMax = 1. ) // Uniform
// on [xMin,xMax)
assert( xMin < xMax );

return xMin + ( xMax - xMin ) * _u();

double userSpecified( // User-Specified Distribution
double( *usf ) ( // pointer to user-specified function
double, // x
double, // xMin
double ), // xMax
double xMin, double xMax, // function domain
double yMin, double yMax ) // function range

assert( xMin < xMax && yMin < yMax );
double x, y, areaMax = ( xMax - xMin ) * ( yMax - yMin );

// acceptance-rejection method

do {
x = uniform( 0.0, areaMax ) / ( yMax - yMin ) + xMin;
y = uniform( yMin, yMax );

} while ( y > usf( x, xMin, xMax ) );

return x;

}

double weibull( double a, double b, double c ) // Weibull
// location a, scale b,
assert( b > 0. & c > 0. ); // shape c

return a + b * pow( -log( _u() ), 1. / ¢ );

Discrete Distributions
bool bernoulli( double p = 0.5 ) // Bernoulli Trial
assert( 0. <= p & p <= 1. );

return u() < p;

int binomial( int n, double p ) // Binomial
assert( n >= 1 && 0. <= p & p <= 1. );
int sum = 0;
for ( int i = 0; i < n; i++ ) sum += bernoulli( p );

return sum;

}
int geometric( double p ) // Geometric
assert( 0. < p & p < 1. );
return int( log( _u() ) / log( 1. - p ) );
int hypergeometric( int n, int N, int K ) // Hypergeometric
// trials n, size N,
assert( 0 <=n & n <= N && N >= 1 && K >= 0 ); // successes K

int count = 0;
for ( int i = 0; i < n; i++, N-- ) {

double p = double( K ) / double( N );
if ( bernoulli( p ) ) { count++; K--; }
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return count;

void multinomial ( int n, // Multinomial
double pll, // trials n, probability vector p,
int count[], // success vector count,
int m ) // number of disjoint events m
{
assert(m >= 2 ); // at least 2 events
double sum = 0.;
for ( int bin = 0; bin < m; bin++ ) sum += p[ bin ]; // probabilities
assert( sum == 1. ); // must sum to 1
for ( int bin = 0; bin < m; bin++ ) count[ bin ] = 0; // initialize

// generate n uniform variates in the interval [0,1) and bin the results
for ( int i = 0; i < n; i++ ) {

double lower = 0., upper = 0., u = _u();

for ( int bin = 0; bin < m; bin++ ) {

// locate subinterval, which is of length p[ bin ],
// that contains the variate and increment the corresponding counter

lower = upper;
upper += pl[ bin ];
if ( lower <= u && u < upper ) { count[ bin ]++; break; }
}
}
}

int negativeBinomial( int s, double p ) // Negative Binomial
// successes s, probability p
assert( s >= 1 && 0. < p & p < 1. );

int sum = 0;

for (int i = 0; 1 < s; i++ ) sum += geometric( p );
return sum;

int pascal( int s, double p ) // Pascal
// successes s, probability p
return negativeBinomial( s, p ) + s;

int poisson( double mu ) // Poisson

assert ( mu > 0. );

double a = exp( -mu );

double b = 1.;

int i;

for (i = 0; b >= a; i++ ) b *= _u();
return i - 1;

}

int uniformDiscrete( int i, int j ) // Uniform Discrete
// inclusive i to j
assert( i < j );

return i + int( ( j - 1 + 1) * u() );

// Empirical and Data-Driven Distributions
double empirical( void ) // Empirical Continuous

static vector< double > x, cdf;
static int n;
static bool init = false;

if ( tinit ) {
ifstream in( "empiricalDistribution" );
if ( !in )
cerr << "Cannot open
exit( 1 );

double value, prob;

while ( in >> value >> prob ) { // read in empirical distribution
x.push back( value );
cdf.push back( prob );

n = x.size();
init = true;

// check that this is indeed a cumulative distribution

assert( 0. =

df[ 0 ] && cdf[ n - 1 ] == 1.
for ( int i i

c i
1; < n; i++ ) assert( cdf[ i - 1] < cdf[ i ] );
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double p = u();

for (int 1 = 0; i < n - 1; i++ )
if (cdf[ i ] <= p & p < cdf[ i + 1] )
return x[ 1 ] + (x[ 1 + 11 - x[1i] ) *

(p-cdf[ i1 )/ (cdf[ i + 1] - cdf[ 1] );
return x[ n - 1 ];

}

int empiricalDiscrete( void ) // Empirical Discrete
static vector< int > k;
static vector< double > £[ 2 1; // £[ 0 1 is pdf and £[ 1 ] is cdf
static double max;
static int n;
static bool init = false;

if ( tinit ) {

ifstream in ( "empiricalDiscrete" );

if ( !lin )
cerr << "Cannot open
exit( 1 );

int value;

double fregq;

while ( in >> value >> freq ) { // read in empirical data
k.push _back( value );
£[ 0 ]1.push back( freq ):

n = k.size();
init = true;

// form the cumulative distribution
£[ 1 1.push back( £[ 0 1[ 01 );
for (int i = 1; 1 < n; i++ )
£f[ 1 l.push back( £[ 1 1[ i - 1] + £[ 010 i1 );
// check that the integer points are in ascending order

for (int i = 1; i < n; i++ ) assert( k[ i - 11 < k[ i1 );

max = £[ 1 ][ n - 1 1;

}

// select a uniform variate between 0 and the max value of the cdf
double p = uniform( 0., max );

// locate and return the corresponding index

for (int i = 0; 1 < n; i++ ) if ( p <= £[ 1 ][ i 1 ) return k[ i 1;

return k[ n - 1 1;

}

double sample( bool replace = true ) // Sample w or w/o replacement from a
// distribution of 1-D data in a file

static vector< double > v; // vector for sampling with replacement
static bool init = false; // flag that file has been read in
static int n; // number of data elements in the file
static int index = 0; // subscript in the sequential order

if ( !linit )
ifstream in( "sampleData" );
if ( !in )
cerr << "Cannot open
exit( 1 );

}

double 4;

while ( in >> d ) v.push back( d );

in.close();

n = v.size();

init = true;

if ( replace == false ) { // sample without replacement

// shuffle contents of v once and for all
// Ref: Knuth, D. E., The Art of Computer Programming, Vol. 2:
// Seminumerical Algorithms. London: Addison-Wesley, 1969.

for (int i =mn - 1; i > 0; i-- {
int j = int( (i + 1) * _u() );
swap( vl i1, v[ § 1);
}
}
// return a random sample
if ( replace ) // sample w/ replacement
return v[ uniformDiscrete( 0, n - 1) 1;
else { // sample w/o replacement
assert( index < n ); // retrieve elements
return v[ index++ 1; // in sequential order
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}

void sample( double x[], int ndim ) // Sample from a given distribution
// of multi-dimensional data
static const int N DIM = 6;
assert( ndim <= N DIM );

static vector< double > v[ N DIM ];
static bool init = false;
static int n;

if ( !init )
ifstream in( "sampleData" );
if ( !in )
cerr << "Cannot open
exit( 1 );

double d;
while ( !in.eof() ) {
for ( int i = 0; i
in >> d;
v[ i 1.push back( d );

< ndim; i++ ) {

in.close();
n =v[ 0 ].size();
init = true;

int index = uniformDiscrete( 0, n - 1 );

for ( int 1 = 0; i < ndim; i++ ) x[ i ] = v[ i ][ index ]1;
// comparison functor for determining the neighborhood of a data point
struct dSquared
public binary function< cartesianCoord, cartesianCoord, bool > {

bool operator() ( cartesianCoord p, cartesianCoord q )
return p.x * p.X + p.y * p.Yy < g.X * g.X + .Y * q.y;

}i
cartesianCoord stochasticInterpolation( void ) // Stochastic Interpolation

// Refs: Taylor, M. S. and J. R. Thompson, Computational Statistics & Data

// Analysis, Vol. 4, pp. 93-101, 1986; Thompson, J. R., Empirical Model
// Building, pp. 108-114, Wiley, 1989; Bodt, B. A. and M. S. Taylor,
// A Data Based Random Number Generator for A Multivariate Distribution
// - A User’s Manual, ARBRL-TR-02439, BRL, APG, MD, Nov. 1982.

static vector< cartesianCoord > data;

static cartesianCoord min, max;

static int m;

static double lower, upper;

static bool init = false;

if ( !init )
ifstream in( "stochasticData" );
if ( !in )
cerr << "Cannot open
exit( 1 );

// read in the data and set min and max values
min.x = min.y FLT MAX;

max.x = max.y = FLT MIN;
cartesianCoord p;

while ( in >> p.x >> p.y ) {
min.x = ( p.x < min.x ? p.x : min.x );
min.y = ( p.y < min.y ? p.y : min.y );
max.x = ( p.x > max.x ? p.X : max.x );
max.y = ( p.y > max.y ? p.y : max.y );
data.push back( p );

in.close();
init = true;

// scale the data so that each dimension will have equal weight
for ( int i = 0; i < data.size(); i++ ) {

datal

il.x (datal i 1.x - min.x ) / ( max.x - min.x );
datal i 1.y

( datal i 1.y - min.y ) / ( max.y - min.y );

// set m, the number of points in a neighborhood of a given point

m = data.size() / 20; // 5% of all the data points
if (m <5 ) m=75; // but no less than 5
if (m > 20 ) m = 20; // and no more than 20
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* ( double( m )
* ( double( m )

lower
upper

- sqgrt( 3.
+ sqrt( 3.

(1.
(1.

// uniform

cartesianCoord origin

1.
1

)
)

datal[ uniformDiscrete( O,

data.size()

) ) / double( m

)i
) ) / double( m );

random selection of a data point (with replacement)

1) 1;

// make this point the origin of the coordinate system

for ( int n 0; n < data.size();

n++ ) datal n ]

-= origin;

// sort the data with respect to its distance (squared) from this origin

sort( data.begin(), data.end(), dSquared()

)

H

// find the mean value of the data in the neighborhood about this point

cartesianCoord mean;
mean.x = mean.y 0.;
for ( int n = 0; n < m;
mean /= double( m );

n++ ) mean += datal n ];

// select a random linear combination of the points in this neighborhood

cartesianCoord p;
p.x = p.y = 0.

for ( int n = 0; n < m; n++ ) {
double rn;
if (m==1) rn = 1.;
else rn = uniform( lower,
p.-x +=rn * ( datal n 1.x - mean.x );
p.y += rn * ( datal n 1.y - mean.y );

}
// restore the data to its original form

for ( int n = 0; n < data.size();

upper ) ;

n++ ) datal n ]

+= origin;

// use mean and original point to translate the randomly-chosen point

p += mean;
p += origin;

// scale randomly-chosen point to the dimensions of the original data

p.Xx = p.x * ( max.x - min.x ) + min.x;
pP.y = p.y * ( max.y - min.y ) + min.y;
return p;

}

// Multivariate Distributions

muX
sigmaX
muY
sigmaY

cartesianCoord bivariateNormal ( double
double
double
double
assert( sigmaX > 0. && sigmaY > 0. );
cartesianCoord p;
p.x normal ( muX,
pP.y normal ( muY,
return p;

sigmaX );
sigmaY );

}

cartesianCoord bivariateUniform( double xMin
double xMax
double yMin
double yMax

assert( xMin < xMax && yMin < yMax );

double x0 = 0.5 * ( xMin + xMax );
double y0 = 0.5 * ( yMin + yMax );
double a = 0.5 * ( xMax - xMin );
double b = 0.5 * ( yMax - yMin );
double x, y;
do {

x = uniform( -1., 1. );

y = uniform( -1., 1. );

} while( x * x + y *y > 1. );

cartesianCoord p;
P.x = x0 + a * x;
p.y =y0 + b * y;

return p;

0.,
1.,
0.,
1.

-1.,
1.,

-1.,
1.
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cartesianCoord corrNormal( double r, // Correlated Normal

double muX = 0.,
double sigmaX = 1.,
double muY = 0.,
double sigmaY = 1. )
{
assert( -1. <= r & r <= 1. && // bounds on correlation coeff
sigmaX > 0. && sigma¥Y > 0. ); // positive std dev
double x = normal();
double y = normal();
Yy =r * x +sqrt( 1. - r * r ) * y; // correlate the variables
cartesianCoord p;
p.x = muX + sigmaX * x; // translate and scale
p.y = muY + sigma¥ * y;
return p;
}
cartesianCoord corrUniform( double r, // Correlated Uniform
double xMin = 0.,
double xMax = 1.,
double yMin = 0.,
double yMax = 1. )
{
assert( -1. <= r && r <= 1. && // bounds on correlation coeff
xMin < xMax && yMin < yMax ); // bounds on domain
double x0 = 0.5 * ( xMin + xMax );
double y0 = 0.5 * ( yMin + yMax );
double a = 0.5 * ( xMax - xMin );
double b = 0.5 * ( yMax - yMin );
double x, y:
do {
x = uniform( -1., 1. );
y = uniform( -1., 1. );
} while (x *x +y *y >1.);
y=r * x + s8qrt( 1. - r *r ) * y; // correlate the variables
cartesianCoord p;
p.x = x0 + a * x; // translate and scale
P.y =y0 + b * y;
return p;
}
sphericalCoord spherical( double thMin 0., // Uniform Spherical
double thMax M PI,

double phMin
double phMax

{
assert( 0. <= thMin && thMin < thMax && thMax <= M PI &&
0. <= phMin && phMin < phMax && phMax <= 2. * M PI );
sphericalCoord p; // azimuth
p.theta = acos( uniform( cos( thMax ), cos( thMin ) ) ); // polar angle
p.phi = uniform( phMin, phMax ); // azimuth
return p;
}
void sphericalND( double x[], int n ) // Uniform over the surface of
// an n-dimensional unit sphere
{
// generate a point inside the unit n-sphere by normal polar method
double r2 = 0.;
for ( int i = 0; i < n; i++ ) {
x[ i 1 = normal();
r2 += x[ i ] * x[ i 1;
// project the point onto the surface of the unit n-sphere by scaling
const double A = 1. / sqrt( r2 );
for (int 1 = 0; i < n; i++ ) x[ i 1 *= A;
}

// Number Theoretic Distributions

double avoidance( void ) // Maximal Avoidance (1-D)
// overloaded for convenience
double x[ 1 1;
avoidance( x, 1 );
return x[ 0 1;

void avoidance( double x[], int ndim ) // Maximal Avoidance (N-D)
static const int MAXBIT = 30;
static const int MAXDIM = 6;
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assert( ndim <=

static unsigned
static unsigned
static unsigned

MAXDIM ) ;

long ix[ MAXDIM +
long *ul[ MAXBIT +
long mdeg[ MAXDIM

11
11;
+ 1

={o0};

1 = { // degree of

0, // primitive polynomial
} 1, 2, 3, 3, 4, 4
static unsigned long p[ MAXDIM + 1 ] = { // decimal encoded
0, // interior bits
} o, 1, 1, 2, 1, 4
static unsigned long v[ MAXDIM * MAXBIT + 1 ] = {
0,
i, 1,1, 1, 1, 1,
3, 1, 3, 3, 1, 1,
5 7, 7, 3, 3, 5,
15, 11, 5, 15, 13, 9
static double fac;
static int in = -1;
int j, k;
unsigned long i, m, pp:;
if ( in == -1 ) {
in = 0;
fac = 1. / ( 1L << MAXBIT );
for ( j =1, k = 0; j <= MAXBIT; j++, k += MAXDIM ) ul 7 1 = &vl k 1;
for ( k = 1; k <= MAXDIM; k++ )
for ( j = 1; j <= mdeg[ k ]1; j++ ) ul j 1[ k1 <<= ( MAXBIT - j );
for ( j = mdegl k1 + 1; j <= MAXBIT; j++ )
pp = pl k 1;
i=ulj-mdegl k1 1[ k 1;
i "= (i >> mdegl k1 );
for ( int n = mdegl k] - 1; n >= 1; n-- ) {
if (pp & 1) i "=ulj-nllkl;
pp >>= 1;
ul j 1l k1 =1i;
}
o
m = in++;
for ( j = 0; j < MAXBIT; j++, m >>= 1) if ( !(m & 1 ) ) break;

if ( j >= MAXBIT ) exit( 1 );

m
for

j * MAXDIM;
(k

0; k < ndim; k++ ) {

ix[ k + 1]

“=v[m+ k +11;

x[ k1 ix[ k + 11
}
bool tausworthe( unsigned n )

assert( 1 <= n && n <= 32 );

if ( _seed2 & BIT[ n ] )
_seed2 = ( ( _seed2
return true;

else {

_seed2 <<= 1;
return false;

}

void tausworthe( bool*
unsigned n )

"~ MASK[ n ]

bitvec,

* fac;

// Tausworthe random bit generator
// returns a single random bit

) << 1) | BIT[ 1 1;

// Tausworthe random bit generator
// returns a bit vector of length n

// It is guaranteed to cycle through all possible combinations of n bits

// (except all zeros) before repeating, i.e., cycle has maximal length 2"°n-1.
// Ref: Press, W. H., B. P. Flannery, S. A. Teukolsky and W. T. Vetterling,
// Numerical Recipes in C, Cambridge Univ. Press, Cambridge, 1988.
{
assert( 1 <= n & n <= 32 ); // length of bit vector
if ( seed2 & BIT[ n ] )
seed2 = ( ( seed2 " MASK[ n ] ) << 1) | BIT[ 1 1;
else
_seed2 <<= 1;
for (int i = 0; 1 < n; i++ ) bitvec[ i ] = seed2 & ( BIT[ n ] >> i );
}
private:
static const long M = Ox7EEf£££ff; // 2147483647 (Mersenne prime 2731-1)
static const long A = 0x10££5; // 69621
static const long Q = 0x787d; // 30845
static const long R_ = 0x5d5e; // 23902
static const double _F =1. / M;
static const short _NTAB = 32; // arbitrary length of shuffle table
static const long DIV = 1+(_M-1)/ NTAB;
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long _table[ _NTAB ]; // shuffle table of seeds

long _next; // seed to be used as index into table
long _seed; // current random number seed
unsigned _seed2; // seed for tausworthe random bit
void seedTable( void ) // seeds the shuffle table
for ( int i = NTAB + 7; i >= 0; i-- ) { // first perform 8 warm-ups
long k = seed / Q ; // seed = ( A * seed ) ¥ M
_seed =A_* ( seed -k *Q ) -k *R_; // without overflow by
if ( _seed < 0 ) seed += M; // Schrage’s method
if (i < _NTAB ) _table[ i ] = _seed; // store seeds into table
_next = _table[ 0 1; // used as index next time
double _u( void ) // uniform rng
long k = seed / Q ; // seed = ( A*seed ) $ M
seed = A * ( seed -k *Q ) -k *R ; // without overflow by
if ( _seed < 0 ) _seed += _M; // Schrage’s method
int index = next / DIV; // Bays-Durham shuffle
_next = _tablel index ]; // seed used for next time
_tablel[ index 1 = _seed; // replace with new seed
return _next * _F; // scale value within [0,1)
}
static double _parabola( double x, double xMin, double xMax ) // parabola
if ( x < xMin || x > xMax ) return 0.0;
double a = 0.5 * ( xMin + xMax ); // location parameter
double b = 0.5 * ( xMax - xMin ); // scale parameter
double yMax = 0.75 / b;
return yMax * (1. - (x -a) * (x-a) / (b*Db) );
}
}:
#endif
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GLOSSARY

Variate
A random variable from a probability distribution. Typically, capital letters X, Y, - - - are used to denote variates.

u~u(@©.1)
Signifies a ariateU is dravn or sampled from the uniform distution.
1D
Independent and identically distuited.
Probability Density Function (PDF)
f (k) for a discrete distriltion.
f (x) for a continuous distritiion.
Cumulative Distrib ution Function (CDF)
F (k) for a discrete distriltion.
F(x) for a continuous distriltion.
Mode
The \alue ofk where f (k) isaglobal maximum for a discrete distuition.
The \alue ofx where f (x) isaglobal maximum for a continuous distuition.
Median
The point such that half the values are greater for a discrete distribution. If the points are ordered from smallest
to lamgest, then
K _ Dk(n+1)/2 if nis odd
e ko + kper)/2 i i even
F (Xmedian = 1/2 for a continuous distrnittion.

Mean
k= >k f(k) for a discrete distriltion.
all values ofk
o]
X = J' xf (x)dx for a continuous distriltion.
Variance
o’= 3 (k-k)?f(k) for a discrete distriltion.
all values ofk

o?= J'(x - X)?f (x)dx for a continuous distriltion.
—00

Standar d Deviation
o, the square root of theaxiance.

Skewness (as defined b y Pearson)
S = (mean— mode) / standard deviation.
Chebyshe v’s Inequality
1
For anydistribution, Prob{ |x — X| = ko, } < 2 wherek is ary positive real number
Leibniz’ s Rule

b(x) b(x)
dan;) f(u,x)du= a&) I du + f(b(x), X) % ~ f(a(x), X) % |
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